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Conférence Plénière  

 

Plénière 1: ‘’Modélisation analytique en Electronique de Puissance’’ 

Seddik Bacha, Professeur,  

G2ELab, Grenoble, France  

Résumé : 

Le champ applicatif de l’électronique de puissance n’a cessé de s’étendre le long de ces dernières 

années avec des puissances allant du mW au GW. Les applications, certes font toujours appel aux 

principes de base de la conversion mais nécessitent davantage de performances et de robustesse 

dans le sens de la stabilité. 

Afin de mieux dimensionner, contrôler et simuler les convertisseurs, des modélisations particulières 

ont accompagné la généralisation de l’électronique de puissance et sont en général  les fruits de 

compromis entre précision et complexité d’usage. 

La conférence se propose de faire un survol des différents modèles analytiques utilisés que cela soit 

pour la commande, le dimensionnement ou encore les simulations rapides ou en temps différé. Les 

méthodes et les domaines d’applications seront explicités mathématiquement et seront 

corroborés par des exemples simples afin d’atteindre un public large. 

 

Abstract : 

The range of power electronics applications has continued to expand in recent years, with power 

ratings ranging from mW to GW. While these applications still require the basic principles of 

conversion, they demand greater performance and robustness in terms of stability. As a result, 

traditional models and controllers have reached their limits. 

In order to better design, control and simulate the converters, special models have accompanied the 

generalization of power electronics and are generally the result of compromises between precision 

and complexity of use. 

This conference will provide an overview of the various analytical models used for control, sizing 

and real-time or off-line simulation. The methods and applications will be explained mathematically 

and supported by simulations. 

I 
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Conférence Plénière 2  

 

 

 

 

 

Mourad Ait Ahmed, Professeur  

 

Laboratoire IREENA,  

Ecole Polytechnique Nantes, France 

 

Résumé : 

Avec l’apparition des énergies soutenables les réseaux électriques vivent un grand chamboulement. 

En effet, on assiste à un changement de paradigme où l’on passe d’un réseau pensé et conçu de 

manière unidirectionnelle, du producteur au consommateur, donc radial, vers un réseau maillé 

composé, en plus du réseau classique, de plusieurs micro-réseaux qui sont vus autant comme 

producteurs décentralisés (distributed generation), composés essentiellement de photovoltaïques, 

microcentrale hydraulique …, que comme consommateurs. Ainsi, la gestion et le contrôle – 

commande du nouveau réseau se voit complétement bouleversé et doit donc introduire plus 

d’intelligence. 

Au-delà des régulations classiques de type tension/fréquence ou du rééquilibrage du réseau, de 

nombreuses possibilités de services réseau s’offrent à ce type de micro réseau. En effet, l’écrêtage 

du pic ou le support du réseau en cas de défaut font partie des services qui peuvent être offerts par 

des systèmes communicants et dotés d’une capacité de flexibilité suffisante. Les systèmes auxquels 

nous nous intéressons sont constitués de sources d’énergies diverses : photovoltaïque, éolien, des 

charges contrôlables et non contrôlables et du stockage de type stationnaire ou mobile (véhicules 

électriques). 

La commande du système Energie Soutenable – Stockage – Charges doit être une loi capable 

d’analyser les différentes informations afin de décider du meilleur scénario possible : besoin des 

charges locales, demande du réseau (assurer les services systèmes), état de production, état de 

stockage, prévisions météorologiques, profitabilité… 

 

 

 

 

 

 

 

 

Plénière 2: Stratégie de Commande des Génératrices Penta-Phasées 
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Plénière 3: Visualization of Magnrtic Flux Density, for Non Destructive Testing : A Brief 

Technical   Review From Meters to Micrometers 

Prof. Jinyi Lee 

Department of Electronic Engineering, Chosun University 

Gwangju, Republic of Korea 

 

   

Abstract—The advanced utilization of alloys and steel in critical engineering systems underscores 

the need for rapid, effective, and reliable nondestructive testing (NDT) methods. This study 

explores breakthrough NDT techniques by visualizing magnetic flux density (MFD) at the material 

surface, including magnetic particle inspection (MPI), magnetic flux leakage testing (MFLT), 

magnetic metal memory (MMM), and Eddy current testing (ECT). Significant advancements in 

each method are discussed, particularly how they simplify defect detection through advanced 

integrated image processing techniques. We present innovative approaches for quantitatively 

imaging MFD, utilizing arrays or scanning magnetic sensors. These techniques have been 

successfully applied to the nondestructive testing of express train wheels and small-bore piping in 

heat exchangers. Additionally, we introduce a novel method for three-dimensional vector imaging 

of MFD within metal grains, offering a comprehensive view of potential defects at the 

microstructural level 
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3D Analytical Magnetic Model for Halbach PM 

Planar Topology considering the Edge Effect 

Ammar Abdi , Youcef ouazir , Khaled oussama  

Electrical and Industrial Systems Laboratory (LSEI) 

Université des Sciences et de la Technologie Houari Boumediene 

BP 32, Al-alia Bab-ezzouar, Alger , Algerie 
 

aabdi@usthb.dz , youazir@yahoo.fr, khaled.oussama.ele@gmail.com  
 

Abstract — In this work, a 3D analytical magnetic model to 

compute magnetic static field and translational motion eddy 

current in the conducting plate of the planar linear permanent 

magnet topology is developed. The main objective is to remedy 

the problem of the transverse edge effect, and hence improving 

the efficiency of analytical model and the accuracy of results. 

The developed model also allows fast and precise simulations of 

3D magnetic phenomena, and presents an important reduction 

in computation time compared to 3D finite element simulation. 

 

Keywords— Eddy currents, 3D Analytical solution, Permanent 

magnet, Induction heating, transverse edge effect, Halbach 

inductor 

I. INTRODUCTION  

The end effect is present in any electromagnetic device; 
in cylindrical structures, this effect is mainly present along 
the length. It is no longer the same in planar topology where 
end effects are present, in two directions, especially the finite 
width effect or edge effect, due to the closing of the currents 
inside the active part of the armature. Therefore taking into 
account the three dimensions models in the resolution is 
desirable [1], because the planar machines have non-
negligible edge effects which can induce errors ranging, 
depending on the application, up to 100% [2],[3],[4] in 
induction  heating devices with 2D-plane models. 

Our study geometry Fig.1, presents important magnetic 
end effects that deserve to be taken into consideration in the 
modelling. In this model, we are only interested in dealing 
with the transverse end effect.  

      In this work, the research methodology is based on 

analytical development of magneto-static problem, 

including the electromagnetic boundary problems. A 

strongly 3D magnetic analytical model is developed; first, 

the 3D magneto-static field analytical solution derived 

thanks to the separation of variables technique using a 

magnetic scalar potential formulation, this helps to define 

the three-dimensional field distribution. Then, the motional 

eddy currents are computed using the Ampere law and the 

finite length extremity effects, the resulting heating power 

density in the moving conductive work-piece is also 

calculated. Finally, in order to validate the 3D developed 

model, the performances of a planar permanent magnet 

induction-heating device PMIHD (Fig. 1) are calculated. All 

results in 3D issued from the developed model agree well 

with these obtained by finite element method (3D FEM). 

 

 

Fig.1. Planar Induction heater geometry with permanent magnets 

 

II. MATHEMATICAL FORMULATION OF THE 3D 

MAGNETIC MODEL  

     First, we consider a resolution domain composed of air, 
iron and permanent magnets (Fig. 3). This assumes that the 
conductive part has no effect on the magnetic problem. In 
other words, the magnetic reaction of the currents induced in 
the part is not taken into account in this model. The 
hypothesis of considering the permeability of permanent 
magnets identical to that of air is close to reality if 
Neodymium-Iron-Boron (NdFeB, 𝜇𝑟 = 1,05) type magnets 
are used. In the region of air (B𝑟=0) and in the region of 

permanent magnets (B𝑟 ≠ 0) we have 𝜇r→1. In iron 

considered to have infinite relative magnetic permeability 
(𝜇𝑟 →∞). 

   The plane y=0 is the plane of symmetry which does not 
make it possible to reduce the field of study to half Fig.2. 

 

Fig.2. 3D study geometric model 

      Under the assumptions mentioned previously, the 
magneto-static problem type is very adapted for a 
formulation in scalar potential (U), a scalar potential 
formulation, we have the following equations: 
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Where M


 is the magnetization vector of the magnets, its 
decomposition into double Fourier series given by:  
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Figure .3. Magnetization (My) and (Mx) as a function of x 

 

Figure .4. Magnetization (My) and (Mx) as a function of z 

In complex representation, the magnetization is written: 
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III. ANALYTICAL SOLUTION OF THE 3D MAGNETIC 

PROBLEM 

        The magnetic scalar potentials in the region of the 
magnets (I) and the region of the air gap (II) are the solution 
of the Poisson and Laplace equations respectively. In 
Cartesian coordinates, using the method of separation of 
variables, the general solutions of the magnetic scalar 
potential UI and UII, are given as follows:  
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Equations (4) have 4 × 𝑛 × 𝑚 unknown coefficients (A1,nm, 
B1,𝑛𝑚, A2,n𝑚 and B2,n𝑚) which are determined using the 
boundary conditions and interface. The eddy currents in an 
infinite conducting plate are computed using the Ampere 
law. 

IV. RESULTS 
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Fig. 4. Braking Force Fx(N) in the conducting workpiece versus velocity 

values (V).  
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Fig. 5. Total induced Heating power in the conducting workpiece versus 

velocity values (V).  

 

The analysis and comparison of the results are given in 
Table. I. The results obtained by the 3D analytical model 
with those given by the 3D FEM) showed very good 
agreement with respect to the results obtained by the 2D 
analytical, corrected analytical and 2D numerical models. 

V. CONCLUSION  

    The new 3D electromagnetic analytical developed model, 

makes it possible to calculate the distribution of the 

magnetic field in 3D in the real geometry and takes into 

account the transverse edge effect (without approximation in 

2D), and consequently it makes it possible to calculate the 

exact values of the different overall quantities (induced 

currents, induced power). The developed model presents a 

very small computation time compared to the simulation by 

finite element method (3D FEM).     
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Modeling and Simulation of Turn-to-Turn Voltage Stress of Electrical Machine 

Winding Fed by Steep Fronted Pulses 

 N. Radja and M. Rachek 

Department of Electrical Engineering, Mouloud Mammeri University, BP 15000 Tizi-Ouzou, Algeria. 

E-mail: n_radja@yahoo.fr, rachek_mhemed@yahoo.fr 

Abstract⎯In this paper a numerical simulation method is 
proposed to determine the distribution of the turn-to-turn and 
turn-to-ground maximum voltage stress in electrical machine 
winding, subjected to steep fronted voltage imposed by 
converters. To evaluate the overvoltage stress, a lumped 
parameter electric equivalent circuit model of the stator 
winding is used. The Finite Element Method-Electromagnetic 
model is used to compute the distributed-circuit parameters 
such as resistances (R), inductances (L), and capacitances (C) 
of the multiconductor-insulation system which is inserted in 
slots. The suitability of the simulation results is validated by 
comparison with measurements given in [4]. 

I. INTRODUCTION  

The stator winding insulation plays an important role in 

electrical machines. The fast-fronted voltage pulses 

imposed by the inverter cause important over-voltages in 

machine windings through the electrical transients next 

each fast-fronted voltage steep [1]. These over-voltages are 

the main sources dielectric stresses leading to the aging or 

deterioration of the Electrical Insulation system. Numerous 

modeling approaches have been proposed to determine the 

amplitude and distribution of transient overvoltage in 

machine windings under fast-front pulses [2], [3]. 

In this paper, the Lumped parameter Electric Equivalent 

Circuit (LEEC) model is used to simulate the transient 

behavior of windings in order to determine the turn-to-turn 

and turn-to-ground maximum voltage of coil fed by fast 

fronted pulses voltages. The LEEC model consists of turn 

resistances (R), self and mutual inductances (L), turn-to-

turn and turn-to-ground capacitances (C). The RLC 

parameters are computed using Finite Element Method 

(FEM). The (RL) parameters are obtained from the coupled 

model of the magnetic field equation, expressed in term of 

Magnetic Vector Potential (A) and the total current (I) 

equations. The capacitances parameters are obtained after 

solving the electrostatic equation, using floating potential 

approach. In order to validate the method proposed, the 

simulation results are compared with experimental results 

obtained by [4]. 

II. EQUIVALENT CIRCUIT OF A WINDING 

To obtain an equivalent circuit, each turn of the winding 

is modeled by the elementary RLC lumped parameter 

equivalent cell, as shown in Fig. 1. 

 
Fig. 1. Lumped parameter equivalent circuit of the n-turns in a Slot 

 
 

The Finite Element formulation of magnetodynamic-

total current coupled (A-I) model is used to compute the 

resistances (R) and inductances (L) parameters. The skin 

and proximity effect are considered. Considering two 

dimensional (x,y) cartesian plane with the source current 

density sJ


 and A


 have only the component in z-direction. 

For the nodesN nodes and for the cN conductors, the Finite 

Element formulation coupled (A-I) model is given by: 
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Whereω  the pulsation, μ the magnetic permeability,σ  the 

electric conductivity, iN  the shape function of the finite 

element i and jN is the approximation function of the 

magnetic vector potential zA  at node j  

The resistance, self and mutual inductance are computed 

using the impedance formula given by: 
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The indices ji = are related to resistance and self 

inductance, and ji  are related to mutual inductances.  

The turn-to-turn and turn-to-ground capacitances are 

computed using an electrostatic Finite Element Method. 

The Finite Element formulation of electrostatic model 

expressed in term of electric scalar potential (V) in the two 

dimensional cartesian (x,y) plane is given by : 
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                                  (4) 

Where iN the Galerkine shape function of the 

node nodesN,1,i = , jN  the approximation function of 

the electric scalar potential jV  at the node, 0V  the applied 

voltage on the dΓ  boundaries, ε is the electric permittivity. 

Séminaire International, MANE’2024, 08 et 09 Juin 2024, Tizi-Ouzou 

 

03 

mailto:n_radja@yahoo.fr
mailto:rachek_mhemed@yahoo.fr


The capacitances are computed using the stored 

electrostatic energy of the thi  and thj conductors under the 

voltage potentials iV and jV respectively, such as: 

  ( ) jiij
2
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Where iiC  and ijC  are respectively the thi turn and 

between thi and thj  turn-to-turn capacitances.                     

The turn-to-ground capacitances are given by: 
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ijiii0 CCC                                  (6) 

III. APPLICATIONS AND DISCUSSIONS  

The geometrical configuration of the coil of 11 kV motor 

considered in this study is shown in Fig. 2 [4]. The coil 

consists of nine turns placed in the slot, surrounded by a 

dielectric relative permittivity   4εr1 = . Each turn of 

resistivity  .m)( 10 1.7 -8 =  is insulated with a 

dielectric of relative permittivity 2.5εr2 = . 

 

  

 

 

 
 

 

Fig. 2. Electrical machines geometrical slot-multiconductor system. 

The RLC parameters obtained from the numerical 

simulations (FEM-Electromagnetic model) for 50Hz 

frequency are given in Table I.  
Table I. RLC parameters obtained from FEM-Electromagnetic model 

Parameter Value  

Turn resistance (Ω) 0.015 

Turn inductance (μH) 2.24 

Turn-to-turn capacitance (pF) 1303.7   

Turn-to-ground 

capacitances 

First and last turns of the coil (pF) 944.5  

Middle turns of the coil (pF) 455.5  

The simulated transient turn-to-ground voltage has been 

evaluated by using the FEM-RLC model is shown in Fig.3. 

The simulations have been realized using a step voltage of 

240 V for a rise time 0.024μs. The simulation circuit 

established by the LEEC of the multiconductor system (see 

Fig.1) is implemented under MATLAB/Simulink 

environment based on the RLC parameters obtained by 

FEM-Electromagnetic model. 
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Fig.3. Turn-to-ground transient voltage distribution 

The turn-to-turn transient voltages distributions in the 

coil are presented in Fig.4. 
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Fig.4. Turn-to-turn V1-2, V2-3 and V5–6 transient voltage distribution 

In order to validate the transient model, the maximum 

peak turn-to-turn voltage obtained by the FEM–RLC model 

is compared with the measured results obtained in [4] (see 

Fig. 5). 
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   T1-T2    T2-T3      T3-T4    T4-T5     T6-T7     T7-T8    T8-T9  
                                       Inter-turn number      

Fig.5. Comparison of the turn-to-turn voltage stress 

The turn-to-turn transient voltages distributions in the 

coil illustrate the uneven distributions of the turn-to-turn 

voltage stresses, and which can be cause a significant 

overstresses which can lead to turn-to-turn insulation 

destruction. From the results obtained we note that, the 

electrical stress is more on the First turns and on the last 

turns of the coil are characterized by a higher value in 

comparison to the others turns due to their position in the 

slots. The simulation gives results in good agreement with 

measurement given by [4]. 

IV. CONCLUSION 

In this paper, the turn-to-turn and turn-to-ground 

maximum voltage stress in electrical machine winding 

subjected to steep fronted voltage are analyzed and shown. 

The RLC parameters of turns of the coil were calculated 

using Finite Element Method. The knowledge of the 

magnitude and waveform of the transient overvoltage is 

very important for analyzing and to assess the turn-to-turn 

and turn-to-ground insulations. The simulation gives results 

in good agreement with measurement given by [4].  
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Abstract—This paper discuses the modeling of the diffusion 

layer thickness variation impact on eddy currents signals. The 

numerical modeling of laminate with the diffusion layer is 

realized using finite elements code developed under Matlab 

environment. The solving of the 2D electromagnetic equation, 

in (r,z) plane, is performed by considering magnetic 

permeability variation of diffusion layer. A comparison 

between the simulation results and experimental signals shows 

a good agreement. 

Keywords—laminated material, diffusion layer thickness, 

finite elements, eddy currents signals, experimental results. 

I. INTRODUCTION  

Multilayer materials are appreciated for their modular 

properties that conventional materials cannot offer. 

However, knowledge of their behavior is necessary to be 

able to fully their potential [1].In this work goal is the 

modeling of a multilayer material, taking into account the 

variation of diffusion layer thickness and evaluate the impact 

on the eddy current signals under several excitation 

frequencies. 

II. ELECTROMAGNETIC EQUATION AND 

RESOLUTION METHOD 

A. 2D Electromagnetic equation 

The modeling of the electromagnetic problems is based 

on Maxwell's equations. From Maxwell's equations, in case 

of 2D axisymmetric problem, the electromagnetic 

phenomenon, in (r,z) plane, is governedby equation below: 
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Where A is the magnetic vector potential, υ is the magnetic 
reluctivity, Js(A/m2 ) is the source current density and σ(S/m) 
is the electrical conductivity. 

B. Finite elements formulation of 2D electromagnetic 

equation  

The finite elements formulation of the 2D 

electromagnetic equation (1), with Green theorem and by 

considering homogeneous boundaries conditions, becomes: 

 

  
  

=+















+








drdzJ

r

drdz
Aj

r

drdz

z

A

zr

A

r
sii

ii     




 

i is the projection function at node ‘’i’’, j  is the shape 

function at node ''j''. 

After arrangements we obtain the algebraic system to solve: 

       FALjAM =+   

[M], [L] and [F] are the matrices of the first and the second 

terms of (2) and a vector of the right hand of (2).
 

III. SIMULATION AND RESULTS 

The geometric configuration consists of two coils, 

transmitter and receiver, placed above a multi-layer area 

(Fig. 1). The first coil consists of 100 turns and excited by a 

signal of amplitude about 3mA. The second have 300 turns. 

 

 

 

 

 

 

 

 

 
Table I. Physical and geometrical parameters 

 

 Characteristics 

Transmitter and 

Receiver coil 

 

innerradius: 2mm, outerradius: 4mm 

width: 2mm 

electrical conductivity: 59*106S/m 

Hard layer width:22µm, length: 42 mm , µr=230 

electrical conductivity: 6.67 *106 S/m 

Diffusion layer width : variable, length: 42mm, µr:variable 

electrical conductivity: 3.57 *106 S/m 

Soft layer width:1mm, length: 42 mm, µr=450 

electrical conductivity: 6.67 *106S/m 

 

A. Solving geometry and boundary conditions  

The described geometry in Fig.2 represents the domain 

resolution of the electromagnetic problem obtained by 

considering symmetry of the physical phenomenon. 

 

 

 

 

 

 

 

 

 

 

The meshed domain of the investigated problem is 

represented in Fig. 3. The number of nodes is 20576 and the 

number of triangle is about 41059. 

 

 

 

(1) 

 

(2) 

 
Fig.2. Studied domain and boundary conditions 
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Fig.1. Geometric characteristics of the problem 
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B. Magnetic vector distribution  

The magnetic vector potential distribution is shown in 

Fig.4.  Then the voltage U around detection coils computed 

 
 

 

 
 

 

 

 

 

 
 
 
using the relationship below [2]: 

=

=

S

dSB

AB

.
dt

d
-U

     


 

The following Fig.5 are profiles from experimental signals 
and calculated via FEM model. The profile denotes the 
sensitivity of diffusion thickness layer on eddy current signals 
for various eddy current frequencies.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 The numerical calculation is realized for different 
thicknesses of diffusion layer, which varies in the interval [6-
18] µm under different excitation frequencies. The results in 
Fig.5 and Fig.6 denote the relative values of the real part of 
the voltage for frequencies f=70 kHz, f=90 kHz, f=110 kHz, 
f=130 kHz and variation of modulus voltage. 

 

 

 

 

 

 

The comparison between FEM simulation and 
experimental data [3] shows good trend with high accuracy. 
The voltage drops with increasing diffusion layer thickness 
(Fig.7) while permeability increases with increasing diffusion 
layer thickness (Fig.8) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We notice that the magnetic permeability corresponding 

to frequency of 130 kHz is too small comparing to the others 

frequencies which could be explained by the impotence of 

the skin depth (Fig. 8). 

I. CONCLUSION 

In this paper, the modeling of multi-layer material layer 

was represented in FEM code. The impact of diffusion layer 

thicknesses is investigated. The calculated and measured 

eddy current profiles were compared. A good agreement 

between data from simulation and experimental data with an 

accuracy of eddy currents signals. 
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Fig.4. Magnetic vector potential distribution (Real part) 

 

 

 

a)                                                   b) 

 

 

 

c)                                                         d) 

 

 

 

Fig.5. Relatives values of the real component of the induced voltage: 

a) f=70 kHz                    c)     f=110 kHz 

b) f=90 kHz                    d)    f=130 kHz 

 

 

 

 

Fig.6. Modulus of induced voltage (Relatives values, f=70 kHz) 

 

 

 

 

(5) 

 

Fig.7. Induced voltage variation with diffusion layer thickness  

(Real part for different values of frequency) 

 

 

 

 

Fig.8. Evolution of magnetic permeability as a function of 

thickness for different values of frequency  
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Abstract— Electric vehicles (EVs) have emerged as a key 

component of the strategy to combat climate change, owing to 

their ability to use renewable energy, therefore decarbonizing 

the transport sector which accounts for a large share of global 

greenhouse emissions. However, despite their growing 

popularity, they continue to face certain limitations, such as 

bulky charging stations, heavy batteries and long charging 

durations. The wireless charging of EVs can offer a solution to 

these problems, but its efficiency remains largely affected by 

the misalignment and air gap between the primary and 

secondary coils. This paper aims to study the impact of 

misalignment and outer coil diameter on wireless power 

transfer efficiency, to come up with a robust inductively 

coupled wireless charging system. The results show that for all 

air gaps and misalignment conditions, coils with a larger outer 

diameter offer a more optimal wireless power transfer. 

Keywords— Wireless power transfer, coupling coefficient, 

electric vehicles, misalignment, coil diameter  

I. INTRODUCTION 

In the last decade, the use of electric vehicles (EVs) has 

drastically increased, due to their environmentally friendly 

nature compared to combustion engine vehicles (ICEVs) 

which rely on gasoline to function, which causes the release 

of greenhouse gases into the atmosphere, contributing to 

climate change [1, 2].  

 

However, EVs face certain limitations that prevent them 

from unlocking their full potential, namely their reliance on 

conventional wired charging methods which suffer from 

drawbacks such as the need for long charging cables that are 

subject to subject to wear and tear, and which expose 

consumers to the risk of electrocution and tripping [3, 4]. In 

addition to requiring space above ground for charging 

stations to be placed. In contrast, a wireless charging pad 

can be placed underground, and offers more convenience, 

robustness and safety [5, 6]. 

 

In order to improve the performance of wireless power 

transfer (WPT), many researchers have taken an interest in 

studying the effects of misalignment and relative coil 

positions on the power transfer efficiency. Ghazizadeh et al. 

[7], as well as Chatterjee et al. [8], studied the effects of 

misalignment and coil geometry on WPT, concluding that a 

circular coil design offers a more robust power transfer for a 

wider range of misalignment conditions. Furthermore, Lo et 

al. [9] have determined that a coil with a greater outer 

diameter is able to perform better than the one with smaller 

outer diameter at different air gaps. In addition, Thein et al. 

[10] investigated the impact of different coil designs on 

WPT, finding that the power transfer efficiency is enhanced 

by increasing the number of turns and spacing between each 

turn for both coils.  

 

In this context, the present work aims to use numerical 

analysis tools, namely the MATLAB software, to study the 

impact of various misalignment parameters, such as the tilt 

angle, air gap and lateral misalignment, for various coil 

diameters, on wireless power transfer in an electric vehicle.  

II. METHOGOLOGY 

A. Equations 

The performance of a WPT system is largely affected by 

its coupling coefficient k [11], which is in a linear 

relationship with the mutual inductance M, as shown in (1), 

with L1 and L2 being the self-inductance of the primary and 

secondary coils, respectively:  

 

      () 

The coil inductance L is calculated using the method 
elaborated by Mohan et al. [12]: 

  (2.1) 

where davg is the average diameter and  the fill ratio, 
defined in (2.2) and (2.3), respectively:  

   (2.2)
  
  (2.3) 

while the coefficients ci depend on the coil geometry, and in 
the case of the circular geometry used in this paper, they 
have the values shown in Table I. 

TABLE I.  CURRENT SHEET EXPRESSION COEFFICIENTS FOR 

CIRCULAR GEOMETRY 

C1 C2 C3 C4 

1 2.46 0 0.20 
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The coil size is calculated using (3):  

   () 

where dout is the outer diameter, din is the inner diameter, N 

the number of turns, dw the wire diameter and s the spacing 

between turns.  

A  MATLAB program was developed to resolve the 
above governing equations, the results of which will be 
discussed in the next section. 

B. Picking the coils 

From the SAE J2954 standard [13], the maximum outer 

diameter for the coil used in the wireless charging of an EV 

is set to be 330 to 360 mm [14], with the air gap between the 

two coils being ideally half this diameter, the number of 

turns to achieve an optimal power transfer is between 10 and 

20 turns [15].  

 

In [8], it is shown that decreasing the spacing between 

each turn of the coil increases the mutual inductance, which 

is important to establish a better coupling coefficient. 

Hence, a spacing of 1 mm will be used in this paper. In 

addition to this, the wire diameter is chosen to be 4 mm, 

with a standard frequency of 85 kHz according to the SAE 

J2954 standard [13].    

 

Four coils were picked to study the effect of the coil 

diameter on the coupling coefficient for various 

misalignment conditions, one transmitter coil made up of 20 

turns, and three receiver coils made up of 10 turns each and 

with varying diameters. The characteristics of the coils are 

shown in Table II. 

TABLE II.  COIL CHARACTERISTICS 

Coil 

Parameters 

Transmitter 

Coil  

Receiver 

Coil 1 

Receiver 

Coil 2 

Receiver 

Coil 3 

Outer 

diameter 

[mm] 

300 200 300 400 

Inner diameter 

[mm] 

100 100 200 300 

Spacing [mm] 1 1 1 1 

Wire diameter 

[mm] 

4 4 4 4 

Number of 

turns 

20 10 10 10 

Self-

inductance 

[µH] 

82.88 19.26 39.69 61.83 

 

The coil pairs used in the study  as well as their 

diameters are depicted in Fig. 1.  

 

Fig. 1. Coil pairs and their outer diameters 

 

C. Misalighnment types 

The three types of misalignment that were studied are 

shown in Fig 2.  

 
 

Fig. 2. Types of misalignment studied, (1) vertical misalignment, (2) 

angular misalignment, (3) lateral misalignment  

1. Air gap: which represents the vertical distance 

separating the coils, also referred to as the vertical 

misalignment.  

2. Tilt angle: which represents the angular 

misalignment between the two coils. 

3. Lateral misalignment: which represents the 

horizontal displacement of coils with respect to each other. 

III. RESULTS AND DISCUSSION 

A. Tile Angle Effect 

To determine the effect of the tilt angle on the coupling 

coefficient, for each of the three coil pairs, angles ranging 

from 0° to 90° were examined, at a fixed air gap of 150 mm. 

The results are shown in Fig. 3 and 4. 

 

Fig. 3. Coupling coefficient against tilt angle for various coil diameters 

 

Fig. 4. Individual breakdown of the coupling coefficient against tilt angle 

for each coil diameter 
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Figures 3 and 4 show that, for all tilt angles, higher coil 

diameters offer a higher coupling coefficient. However, in 

the cases of 300 and 400 mm diameters, the coupling 

increases when increasing the tilt angle, while in the case of 

the 200 mm diameter, the coil diameter and tilt angle have 

an inverse relationship.  

B. Air Gap Effect 

The effect of air gaps ranging from 10 to 200 mm were 
studied for the three coil pairs, while maintaining a perfect 
lateral and angular alignment between them. The results are 
shown in Fig. 5. 

 

Fig. 5. Coupling coefficient against air gap for various coil diameters 

Figure 5 shows that the coupling coefficient decreases 

hyperbolically with respect to the air gap in the cases of the 

200 mm and 300 mm outer coil diameters, and more linearly 

in the case of a 400 mm diameter. The 200 mm diameter 

offers the theoretical maximum coupling coefficient for air 

gaps under 20 mm, while the 300 mm diameter offers the 

highest coupling coefficient for air gaps ranging between 20 

and 86 mm. More importantly, for air gaps exceeding 86 

mm, which correspond to the air gaps found in practice in 

EVs (generally between 100 and 200 mm), a 400 mm outer 

diameter offers the highest coupling coefficient. 

C. Lateral Misalignment Effect 

The effect of lateral misalignment was studied by 

shifting the relative position of the two coils off center 

between 0 and 300 mm, while maintaining a fixed air gap of 

150 mm. The results are shown in Fig. 6. 

 

Fig. 6. Coupling coefficient against lateral misalignment for various coil 

diameters 

Figure 6 shows that for all lateral misalignment ranges, 

higher outer coil diameters offer  higher coupling 

coefficients, with the 400 mm diameter resulting in the the 

highest coupling coefficient, and the 200 mm diameter 

being the lowest. The coupling coefficients for all coil 

diameters converge to zero for lateral misalignment 

distances above 220 mm.  

IV. CONCLUSION 

In this paper, the effects of angular, vertical and lateral 
misalignment as well as coil diameter on wireless power 
transfer in an electric vehicle were studied using an 
analytical model. It has been concluded that:  

• A larger outer coil diameter leads to a higher 

coupling coefficient. 

• The relationship between the coupling coefficient 

and the tilt angle varies depending on the outer 

coil diameter. 

• The coupling coefficient decreases when 

increasing the air gap. 

• The coupling coefficient decreases when increasing 

lateral misalignment. 
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Abstract— The detection and characterization of defects on 

a carbon fiber composite material by eddy current non-

destructive testing process using a numerical method based on 

intrusive stochastic finite elements is presented in this paper. 

The electrical conductivity is considered as a random variable 

of the Gaussian type characterized by an average value and a 

standard deviation, distributed over the risk zone presenting the 

defect in the material.  

A stochastic finite elements code is made under Matlab 

environment offer the 2D electromagnetic equation resolution, 

in axisymmetric hypotheses, this conduces to obtain the 

magnetic vector potential (A) across the solving domain. The 

impedance of the differential sensor used is then calculated by 

integrating the values of the magnetic vector potential. Scanning 

material surface encompassing the defective area allows for the 

assessment of impedance variation for various standard 

deviation of the random variable and then indicate a presence 

or absence of faults. 

Keywords— composite material, intrusive stochastic finite 

element, eddy current, impedance, electrical conductivity. 

I. INTRODUCTION 

Characterization refers to a complete process for studying 
the structure, proprieties and behavior of composite materials. 
Overall, this is a crucial process with which one can build a 
scientific understanding of materials, it also involves the 
characterization of defects occurring during the 
manufacturing process or during their life cycle. It’s very 
important to ensure security and quality of carbon fiber 
composite materials cause nowadays they cover a wide range 
of fields like aerospace, electrical, rail transportation, aviation 
[1] and offer many advantages.  

Commonly, composite materials are made up of at least 
two distinct materials which are bound together 
complementing each other and provide better performance 
than one constitutes element taken individually. They are 
composed of reinforcements surrounded by a matrix [1][2][3]. 
There are essentially three types composites structures: 
monolayer [4] sandwich or laminate [5][6]. Several 
techniques aim to characterize these materials [7] among them 
non-destructive testing NDT such as ultrasonic testing, 
radiography, eddy current [8][9]. Being electrically 
conductive, the carbon fiber composite materials CFRP can be 
inspected by eddy current non-destructive testing NDT-EC 
[10] which is used in the present work with numerical 
modeling study for the detection, characterization of defects 
in CFRP.  

A lot of methods for modeling and simulating composite 
material defects using NDT-EC are found in literature. We 
have opted in this paper to the stochastic finite element 

method SEFM, a random approach, the development of the 
answer is based on the polynomial chaos whose input are the 
random physical properties [13] considering the longitudinal 
electrical conductivity σL as the random variable of Gaussian 
type oriented along the x-axis. The key challenge in stochastic 
finite element method SFEM is the modeling of the 
uncertainty characterizing the system parameters (input). 

II. STOCHASTIC ELECTROMAGNETIC MODEL 

A. Deterministic Electromagnetic Model 

• Maxwell equations:  

                                       𝑑𝑖𝑣(�⃗⃗� ) = 𝜌                                            (1) 

                                     𝑟𝑜𝑡(�⃗� ) = −
𝜕�⃗� 

𝜕𝑡
                                       (2) 

                                              𝑑𝑖𝑣(�⃗� ) = 0                                             (3) 

                                             𝑟𝑜𝑡(�⃗⃗� ) = 𝑗 ⃗⃗ +
𝜕�⃗⃗� 

𝜕𝑡
                                    (4) 

• Middle relations: 

                                              �⃗⃗� = 𝜀�⃗�                                               (5) 

                                    �⃗� = 𝜇�⃗⃗�                                                     (6) 

                                             𝐽 = 𝜎�⃗�                                              (7) 

• Electromagnetic formulation for determinist problem: 

                                  ∇ ⃗⃗  ⃗ ˄(𝜈∇⃗⃗  ˄ A⃗⃗  ) + 𝑗𝜎𝜔A⃗⃗ = 𝐽𝑠⃗⃗                        (8) 

B. Electrical conductivity 

The electrical conductivity in this type of materials is 
expressed with a tensor by conductivity in longitudinal 
direction 𝜎𝐿 , transverse direction 𝜎𝑇 (there are contacts 
between the fibers), and according to the thickness  𝜎𝑍 [11] 
[12], the electrical conductivity of a ply according to 
referential is expressed by: 

                            𝜎𝑝𝑙𝑖 = [
𝜎𝐿 0 0
0 𝜎𝑇 0
0 0 𝜎𝑍

]                                         (9) 

Ohm’s low is then written like: 

                           𝐽𝑝𝑙𝑖
⃗⃗ ⃗⃗  ⃗ = 𝜎𝑝𝑙𝑖𝐸𝑝𝑙𝑖

⃗⃗ ⃗⃗ ⃗⃗                                               (10) 

III. APPLICATION AND RESULTS 

The application structure consists of a composite CFRP 
having dominant longitudinal conductivity, presenting a 
defect as showing Figure 1. The area of uncertainty is 
represented by the change of distribution on the electrical 
conductivity. Non-destructive eddy current testing using a 
sensor moving towards the abscissa axis placed parallel to the 
material is used for its detection. 
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Fig 1. NDT-EC device Coil and CFRP plate with crack. 

The electrical conductivity is randomly distributed over 

the material for two different standard deviations, one being 

10% of the average value of the electrical conductivity and 

the other 90%, the aim being to highlight the variation of the 

impedance in the area suspected to have a fault. The 

impedance Z is then calculated. The results obtained are 

represented by the figures [2-5] where: figure 2 shows us one 

of the three stochastic solutions of the distribution of the 

potential vector A. The distribution seems homogeneous 

when moving the sensor. 

 
 

 

 
 

Fig 2. magnetic vector potential A 

Figure 3 represents the resistance variation when moving 
the sensor over a distance of 12mm.  

 

 

 

 

Fig 3. Variation of resistance according to the movement of sensor. 

Concerning the figure 4, the variation of one of the 
stochastic solutions of impedance is represented by Z0 on a 
displacement of 14mm. the standard deviation being 100% 
which results in zero electrical conductivity. 

 

 

 

 

Fig 4. Variation of impedance according to displacement for a defect   100% 
standard deviation. 

Figure 5 illustrates the evolution of the impedance 
resulting from the stochastic calculation, according to its 
argument and the displacement for two standard deviations 
10% and 90%. 

 

 

 

 

Fig 5. variation of impedance according to displacement and argument 
theta with comparison with defect 10 % and 90% standard deviation 

IV. CONCLUSION 

The inspection and characterization of composite 
materials being current, the relevance of proposing an 
approach for the detection of defects has led us to develop a 
SFEM calculation code under Matlab environment. This 
approach allows us to distribute the electrical conductivity in 

the suspected area. The latter is composed of the coefficients 
calculated from the stochastic polynomial chaos. The 
calculation code makes it possible to obtain three solutions for 
a rank equal to two. We started the detection of the defect with 
one of the solutions in term of magnetic vector potential, using 
the formulation of the energy, we evaluated the variation of 
the impedance in the suspected zone. The results obtained 
allow us to conclude that when the standard deviation is large, 
the electrical conductivity decreases, which is manifested by 
a large variation in the impedance, which characterizes the 
presence of a defect due to lack of material in comparison to a 
flawless specimen. The stochastic model is a new approach 
which makes it possible to process the problem and move on 
to post-processing without requiring an inverse problem. The 
variation of the electrical conductivity taken as random 
variable on the stratified materials shows us that in the zone of 
defect, the impedance is important. The stochastic finite 
element model tells us about the probability of default when 
using the correct input variable settings. 
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Abstract—This paper explores the use of high-frequency 

eddy currents (EddyCus®) for non-destructive testing of 

CFRP. Unlike traditional methods, EddyCus® employs 

frequencies up to 100 MHz to analyze probe impedance 

changes, revealing properties like permittivity, permeability, 

resistivity, and conductivity. The method involves scanning 

CFRP samples with the EddyCus® MPECS system at various 

frequencies, with the MPECS software generating impedance 

data profiles for analysis. 

Keywords—CFRP, High-frequency eddy current, Non-

destructive characterization, EddyCus®MPECS. 

I. INTRODUCTION  

Eddy current testing (ECT) is widely used for inspecting 

electrically conductive materials in engineering [1]. This 

non-destructive testing (NDT) method is based on 

electromagnetism theory, analyzing changes in the 

electromagnetic properties of the tested conductor to detect 

properties and defects. Generally, ECT uses kHz range AC 

current for high-electrical conductive materials, but MHz 

range AC current is used for low-electrical conductive 

materials like carbon fiber reinforced plastics (CFRP) [2]. 

ECT technology, a critical tool for composite defect 

detection, has rapidly developed from advanced NDT. An 

alternating current in a coil creates a magnetic field, 

inducing eddy currents in nearby conductors, which 

generate a secondary magnetic field that opposes the first. 

Material changes, such as cracks, disrupt these currents and 

alter the secondary field, detectable by measuring the coil's 

impedance [3, 5]. When a current of a certain frequency 

flows into the excitation coil, electromagnetic induction 

generates eddy currents in the CFRP, which create a 

magnetic field and affect the coil's voltage and current [8]. 

 
Fig. 1. Schematic diagram of probe and specimen configuration for eddy 

current testing. 

ECT assesses conductivity or permeability using 

electromagnetism. Higher frequencies (up to 100 MHz) 

enable probing of less conductive materials, as offered by 

the "EddyCus®" system [3]. Figure 1 illustrates the 

fundamental principles of electromagnetic non-destructive 

testing [5]. 

II. THEORICAL BACKGROUN 

A. Electrical propreties of CFRP 

The electrical properties of single-layer, unidirectional 

carbon fiber materials (CFRP) depend on several factors and 

exhibit strong anisotropy (direction dependence) [3, 7]: 

-Conductivity: longitudinal conductivity can each up to 

5*106 S/m, while the lateral conductivity is significantly 

lower at around 1*103 S/m. These values can vary based on 

fiber type, orientation, stacking sequence, fiber volume 

content, density, and compaction around the fibers. 

-Permittivity: this property is essential for radio frequency 

(RF) testing, affecting both the measurement signal and 

eddy currents. In dry carbon, permittivity is primarily 

influenced by the fiber coating and surrounding air. 

However, when CFRP is formed, the air is replaced by a 

polymer resin, resulting in permittivity dependence on the 

resin type and processing quality. 

      The main electrical effects of an alternating magnetic 

field on CFRP. Three key parameters influence these effects 

[8]: 

1. Fiber Volume Ratio: 

This ratio directly affects the average electrical conductivity 

due to the varying amount of conductive fibers within a 

specific volume. This value is essential for setting 

appropriate measurement parameters like frequency and 

penetration depth. 

2. Electrical Connections between Fiber Bundles:  

The structure (woven, crimped, etc.), interface chemistry, 

and consolidation density (achieved through pressing) 

influence the electrical contact between neighbouring fiber 

bundles. Even identical materials can display different eddy 

current propagation due to variations in internal electrical 

connections. Horizontal electrical connections (in-plane, 

parallel to the surface) directly impact the contrast in the RF 

image. Vertical connections (through the depth) affect the 

interlaminar interfaces and, consequently, the penetration 

depth. 

3. Capacitive Effect and Displacement Current:  

Besides the electrical connections, the dielectric properties 

of the matrix material also influence the complex signal 

impedance. 

B. High-Frequency EddyCus Testing in the frequency 

range of Radio Waves 

The EddyCus® MPECS system uses eddy currents to 

assess the conductivity of carbon fiber materials (RCF, 

NCF, CFRP) for quality control. Despite their low 

conductivity, eddy currents can be induced in the fibers. The 
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system's high-resolution sensors scan at four frequencies, 

detecting and separating defects across multiple layers. By 

processing scanned images, the system can identify flaws 

such as missing fibers, misaligned threads, and material 

inconsistencies (Figure 2). 

 
Fig. 2. EddyCus® Multi Parameters Eddy Current Scanner (MPECS). 

          By the High-Frequency Eddy Current (HFEC) based 

Impedance the penetration depth is derived as follows [2, 6, 

7]:  

𝛿 = √
2

𝜔𝜇𝜎
   (1) 

where 𝜔 is the angular frequency 2𝜋𝑓, 𝜇 is the permeability 

and 𝜎 is the electrical conductivity. 

The induced voltage is: 

𝑈𝑖𝑛𝑑 = −
𝑑𝜙

𝑑𝑡
   (2) 

where 
𝑑𝜙

𝑑𝑡
 is the rate of change of magnetic flux. 

Equation (1) indicates that increasing the frequency reduces 

the penetration depth, while Equation (2) demonstrates that 

higher frequencies amplify the signal amplitude. Therefore, 

lower conductivity or thickness of the specimen necessitates 

higher frequencies for enhanced sensitivity [6].         

III. EXPERIMENT, RESULTS AND DISCUSSION 

The principle involves using the EddyCus MPECS for 

profiling by applying a frequency train to the sample, with 

the sensor remaining stationary. The frequency train consists 

of 255 frequency values (in MHz) represented on the x-axis 

of the plots (0:254, each point representing a frequency). 

We analyze the electromagnetic behavior of each sample 

based on dimension and filling rate. The MPECS software 

provides impedance (Z) values for each scan. Profiling was 

conducted on eight samples produced at Fraunhofer IKTS in 

Dresden, with dimensions of 10mm x 20mm x 2mm and 

varying fiber volume ratios (20%, 40%, 60%, and 80%).  

 
Fig. 3. Plot of the impedance at each frequency train  point. 

Figures 3 and 4 shows the impedance plots for samples with 

dimensions 20mm x 20mm x 2mm and filling rates of 40% 

and 80%, respectively. The change in complex impedance 

with sensor frequency variation in profiling mode reveals 

information about the permittivity, resistivity, permeability, 

and conductivity of the samples. Higher frequencies result in 

current concentrating on the material's surface due to the 

skin effect, influencing the density and distribution of 

induced eddy currents. 

 
Fig. 4. Plot of the impedance at each frequency train point. 

This affects the magnetic field and the measured 

electrical impedance. At lower frequencies (0.05MHz to 

20MHz), where current penetrates deeper, variations in 

conductivity or permittivity at greater depths significantly 

impact the measured impedance. At higher frequencies 

(20MHz to 100MHz), where current is surface-concentrated, 

surface variations in conductivity or permittivity greatly 

affect the impedance. An increase in surface conductivity 

decreases impedance, while a decrease increases it. 

Permittivity variations affect the electric field distribution 

near the surface, but its impact on impedance is less 

pronounced than conductivity changes in an eddy current 

test. 

IV. CONCLUSION 

In an eddy current test of a carbon fiber reinforced polymer 

(CFRP) matrix composite, varying the frequency affects the 

measured electrical impedance by altering the current 

penetration depth into the material. This change influences 

the distribution of the induced magnetic field and, 

consequently, the electrical impedance measured by the 

sensor. Variations in the electrical conductivity or 

permittivity on the CFRP surface can also modify the 

distribution of the eddy current-induced electromagnetic 

field, impacting the measured impedance. 
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Résumé. Le monde industriel cherche de plus en plus les 

moyens lui permettant de miniaturiser, en affinant leurs 

capacités, différents systèmes de contrôle et en particulier des 

capteurs de toutes sortes. La miniaturisation de capteurs basés 

sur l’exploitation des ondes acoustiques guidées est très 

recherchée et appréciée pour son efficacité et son innocuité. Les 

ondes principales pouvant être guidées dans un matériau 

piézoélectrique ou non piézoélectrique, sont des ondes de 

différentes natures sollicitant la matière de différentes façons 

pour vibrer, selon la fréquence à laquelle on les excite. 

L’intérêt des ondes guidées de Love, réside dans le 

confinement de leur énergie près des surfaces libres du guide 

d’onde, donc de leur grande sensibilité aux variations du milieu 

extérieur. Les dispositifs MEMS (Microelectromechanical 

systems) à base d’ondes de Love sont théoriquement étudiés 

dans leur rôle potentiel en tant que plate-forme technologique 

prometteuse pour le développement de capteurs, basés sur la 

propagation des ondes acoustiques, pour les environnements 

liquides. 

Ce travail, met en évidence l’intérêt d’utiliser   des 

matériaux piézoélectriques comme guides d’ondes pour 

optimiser la sensibilité d’un capteur à ondes de Love dédié à la 

mesure de la viscosité d’un liquide Newtonien, en exploitant le 

mode fondamental de Love L0 

 

Mots-clés— Piézoélectricité, capteurs, ondes, atténuation, 

viscosité. 

I. INTRODUCTION 

Les dispositifs MEMS (Microelectromechanical systems) à 

base d’ondes de Love ont une grande sensibilité aux 

variations du milieu extérieur, ils se composent d’un substrat 

semi-infini piézoélectrique et d’une couche mince. L’onde 

générée dans le substrat peut être couplée à la couche, à la 

condition que la vitesse de l’onde de volume transversale 

dans la couche soit inférieure à celle dans le substrat. L’onde 

est alors guidée dans la couche (couche guidante), son énergie 

est principalement répartie dans celle-ci. La sensibilité 

gravimétrique des capteurs à onde de Love dépend des 

propriétés des deux matériaux (le substrat semi infini et la 

couche). La coupe cristallographique (angles d’Euler) et 

l’épaisseur de la couche [1], sont deux propriétés qui jouent 

un rôle important dans l’optimisation de la sensibilité à l’effet 

de masse dans le but de mesurer la viscosité [2]. 

II. GENERATION DES ONDES DE LOVE  

La génération d’ondes de Love s’effectue sur une couche 

guidante déposée sur un substrat à l’aide de transducteur 

interdigités. Un transducteur interdigité dans sa version la 

plus simple est formé de deux peignes identiques et 

symétriques qui jouent le rôle d’électrodes métalliques (figure 

1), l’application d’une tension sinusoïdale aux bornes d’un 

transducteur interdigité, crée un champ électrique et engendre 

par effet piézoélectrique inverse une déformation mécanique 

qui produit des ondes acoustiques de surface. Ces ondes se 

propagent dans la couche jusqu’au transducteur interdigité 

récepteur qui convertira la déformation mécanique du guide 

en courant électrique. La longueur d’onde de l’onde 

acoustique est imposée par l’écartement des transducteurs ou 

par la période géométrique des transducteurs. 

 

 

 

 

 

 

Figure. 1 Transducteur interdigité 

 

L’ouverture W correspond à la distance sur laquelle les 

doigts des deux électrodes s’interpénètrent. La longueur 

d’onde λ est égale à la somme de deux largeurs de doigts (e) 

et de deux distances inter-doigts. 

La génération de L’onde de Love  exige quelques 

propriétés physiques sur la couche et le substrat en particulier 

concernant les vitesses de propagation des ondes transversales 

dans ces matériaux. La grande différence entre les vitesses 

entraîne une meilleure sensibilité du système. 

III. CAPTEUR A ONDE DE LOVE 

 

Les capteurs à ondes de Love sont constitués d’un substrat, 

d’une couche guidante et de transducteurs interdigités (figure 

2), l’énergie acoustique transportée par l’onde de Love n’est 

plus répartie dans le volume du substrat comme dans les 

capteurs à ondes acoustiques de volume mais concentrée en 

surface, généralement, dans une épaisseur inférieure à la 

longueur d’onde. Cette particularité les rend beaucoup plus 

sensibles aux perturbations de surface [1,2]. 

 

 

 

 

 

 

 

Figure. 2 Schéma d’un dispositif à ondes de Love. 

 

IV. SENSIBILITE GRAVIMETRIQUE 

La sensibilité gravimétrique V
mS (kg.m-2) du capteur à ondes 

de  love est définie comme étant le rapport de la variation 

relative de vitesse  de phase et de la masse surfacique sur la 
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couche 
1V

m air
LLove

V
S

V


=

 
 avec air Liquide

Love LoveV V V = −  , air
LoveV est la 

vitesse de phase du mode de Love sans effet de masse (avant 

la perturbation, plaque dans l’air) et Liquide
LoveV  la vitesse de 

phase du mode de Love avec effet de masse (avec la charge 

du liquide), théoriquement, elle est estimée en calculant le 

changement de vitesse que les modes subissent lorsque la 

surface libre de la couche est chargée d’une masse L Lm =    

( L  et δ : la densité de masse du liquide ajouté et la 

profondeur de pénétration de l’onde dans le liquide visqueux), 

selon l’équation de dispersion. 

Cette sensibilité ne reflète pas les véritables performances des 

capteurs à onde de Love dans les milieux liquide ; la 

sensibilité du capteur aux propriétés physiques du liquide 

peut alors être définie comme étant : 

/ air
gr grf v f Love

m

ph ph L

V V V V
S S S

V V
 


=  =

 
 Avec L  [kg.m−3] la masse 

volumique du liquide et η [Pa.s] sa viscosité en régime 

newtonien [1-4] 

V. SIMULATION  

 Deux simulations ont été réalisées pour différents 

matériaux afin d’apprécier leur sensibilité pour une longueur 

d’onde λ fixée à 50 µm.  L’une concerne l’étude de la 

variation de la sensibilité en fonction de la combinaison des 

différents matériaux (couche / substrat) (Fig. 3); et l’autre, 

concerne l’étude de la variation de la sensibilité en fonction 

de la  longueur d’onde  figure 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure. 3 Courbes des sensibilités gravimétriques pour les 

différentes combinaisons. 

 

 

 

 

 

 

 

 

 

 

 

Les résultats obtenus montrent l’évolution de la sensibilité 

à l’effet de masse des capteurs en fonction des différentes 

combinaisons de matériaux pouvant  être employés dans les 

dispositifs à ondes de Love (figure 3). Ces combinaisons 

(couche/substrat) atteignent toutes un maximum de sensibilité 

plus ou moins important selon la valeur de h/λ. Cependant, on 

remarque qu’une meilleure sensibilité est atteinte              

(72.8 Kg m-2)  pour un rapport  h/λ = 0.1  dans le cas où le 

dispositif à onde de Love se  compose d’une couche de quartz 

Y+42°-X et d’un substrat le W-Bn, d’autre part  un minimum 

de sensibilité qui vaut 8.003 Kg m-2 est obtenu dans le cas  

d’une composition   ZnO / LiNbO3 Y+128°-X qui correspond 

à   h/λ = 0.187 (figure 4). Le tableau ci-dessous récapitule les 

différents résultats obtenus en fonction du rapport h/λ, de 

l’épaisseur de la couche h et de la fréquence de 

fonctionnement. 

 

Tableau. 1: Tableau récapitulatif des résultats 

 

 

On consuls, qu’il  est. possible d’avoir une meilleur 

sensibilité à l’effet de masse dans le cas de ZnO / LiNbO3 

Y+128°-X, en jouant sur l’épaisseur de la couche  on 

remarque qu’elle attient   40.02 Kg m-2  pour le même rapport  

h/λ = 0.193 (figure 4), on constate  qu’elle augmente  de 5%  

pour une diminution de 5 % de la longueur d’onde 

VI. CONCLUSION 

Les simulations montrent la sensibilité gravimétrique des 

capteurs à ondes de Love, pour différentes combinaisons 

couches/substrats, dans le but d’optimiser leur sensibilité   à 

l’effet de masse pour la mesure de la viscosité. Il en ressort 

qu’il est possible d’avoir une meilleure sensibilité à l’effet de 

masse, en jouant sur l’épaisseur de la couche guidante.  Par 

ailleurs, on remarquera qu’il est possible d’utiliser d’autres 

combinaisons (de faible sensibilité) pour optimiser un capteur 

à onde de Love, en faisant varier la longueur d’onde, ce qui a 

pour effet de diminuer de l’épaisseur de la couche guidante 
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Figure. 4 Evolution de la sensibilité gravimétrique en 

fonction de la longueur d’onde pour couche   ZnO 

déposée sur le substrat LiNbO3 Y+128°-X. 
 

Couche/substrat 
Sensibilité 

(Kg m-2) 
h/λ 

h 

(µm) 
f(MHz) 

Quartz Y+42°-X / W-Bn 72.88 0.100    5 148.14 

ZnO / W-Bn 37.70 0.084 4.2 153.04 

LiNbO3Y+128°-X / W-Bn 32.21 0.122 6.1 152.70 

LiTaO3 /W-Bn 24.96 0.100   5 153.16 

ZnO / LiNbO3 Y+128°-X 8.003 0.193 9.4 69.2 
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Abstract—The paper deals about the simulation of linear and 
non-linear eddy current (EC) techniques in the commercial 
3MA NDT systems. Robust numerical computations are 
established to investigate the properties of bilayer specimens. 
In linear and non-linear EC, the quasi-static magnetic 
behaviour is described via the Jiles-Atherton hysteresis 
model. Magnetic dynamic phenomena are taken into account 
applying the Bertotti formula. Based on electromagnetic 
meso-macroscopic behaviour, the experimental signals are 
reproduced accurately. The analytical model will be assessed 
in the linear as well as the non-linear case by comparison to 
experimental signals. 

Keywords—ferromagnetic material, multilayer material 
properties, finite elements, dynamic behavior. 

I. INTRODUCTION  

      The design and construction of specialized Non- 
Destructive Evaluation (NDE) equipment, e.g. for in-process 
monitoring, remains crucial for the quality control in 
European industry. It may be supported via robust calculation 
tools, in order to optimize the inspection situation to 
determine the requested measuring targets such as coating 
thickness, hardness, residual stress, etc. The emerging use of 
numerical simulation is a major trend in the field with 
tremendous potential benefits in terms of costs reduction, 
enhanced diagnosis reliability and consequently increased 
competitiveness. The simulation of 3MA electromagnetic 
methods attracted the attention of many experts [1-2]. Some 
of them worked in development on complete robust physical 
based models in order to simulate the several 3MA magnetic 
methods like harmonic analysis and incremental permeability 
(IP) [3]. These models rely on parametric descriptions of 
some fundamental electromagnetic properties of different 
specimen layers, e.g. electrical conductivity and parameters, 
describing the magnetization, like saturation polarization or 
initial magnetic permeability or most favourable the complete 
parameterised B/H hysteresis loop. In 2012, an analytical 
calculation of eddy current 3MA method was investigated in 
framework of ANR DPSMMOD project [4]. The purpose was 
to describe the magnetic signature of 3MA eddy current and 
incremental permeability (see Fig. 1). In this project, Gabi et 
al. have developed an analytical model for conventional eddy 
current investigation. 
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II. ANALYTICAL EDDY CURRENT MODEL 

 
The model targets a qualitative goal based on simplified 

aspects, considering a finite sized ferromagnetic samples and 
the a cylindrical detection coil. Furthermore, it is supposed 
that a global demagnetizing coefficient influences the 
amplitude of the field in the different layers of the sample in 
an isotropic way. Considering these strong simplifications, 
the problem becomes unidirectional.  

 

 

Figure 1: 3MA system applied to a lab sample 

The geometry configuration consists of two coils placed 
over the specimen (Fig. 2). 

 

Figure 2: Inspection situation 

 The first one is the transmitting eddy current coil of 100 
turns and 3 mm in diameter. It is excited by a sinusoidal low-
amplitude current of about 3 mA and a selected frequency of 
60 kHz. The specimen is described as a multi-layer area, in the 
surface a hard-magnetic zone and soft area in the bulk.  

The second coil is indicated as a search coil, which has 300 
turns. Coherent demodulation is applied in order to obtain the 
real and imaginary part of the voltage. Besides this, it is 
considered that a low-frequency magnetic field is present, 



which is homogeneous in the small sample investigation area. 
The amplitude of this field is quite high, where operating point 
is around coercive field and the magnetization frequency is 
around 200 Hz.  

Firstly, the calculation is focused only on the EC – linear 
method. The geometry of the flux lines flowing through the 
eddy current detection coil is, in fact, very complex to describe. 
In [4], it is developed an analytical physics-based model for 
the conventional eddy current method. The development leads 
to the following equations 1, 2 for the magnetic induction B in 
both sample zones. Both parameters β1 and β2 are parameters 
to be defined. The calculation are described in details in [4] 
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C, d represent respectively the total sample thickness and 
surface layer thickness. 

The skin depth is defined as following: 

𝛿 =
1

ඥµµ𝜎𝜋𝑓
 

3 

 

The value of the permeability µrk depends on the EC signal 
excitation type (linear and non-linear). 

It is known that in conventional linear EC techniques, the 
excitation is performed in linear Rayleigh area, where the 
value of permeability is equal to initial permeability. Fig. 3 
compares  simulation results (FEM code and analytical 
calculation) to experimental data for the imaginary part of the 
voltage in case of EC linear (fec = 50 kHz) excitation for 
inspection situation of hardening depth. A high correlation 
between simulation results and measurement is observed. 

 

Figure 3: Validation with experimental signals 

In case of the non-linear EC method, the µrk has a non-linear 
profile due to the intrinsic hysteresis properties. It was proven 
in [5], that µrk is an anisotropic tensor which depends on 

magnetization direction. Furthermore, is linked to the 
differential permeability. The simulation was performed at 
fec = 50 kHz, a low-frequency tangential field strength 
amplitude of Htmax = 50 A/cm and a magnetization frequency 
of f = 200 Hz. 

 

Figure 4: Non-linear eddy current validation 

 

The analytical model is able to reproduce the measured signals 
of non-linear eddy current technique in 3MA technology with 
quite good accuracy. The mean deviation between both signals 
is less than 25 %. 

 

III. CONCLUSION 

 
In this work, the EC analytical model is extended to take 

into account the non-linear aspect of ferromagnetic material at 
higher magnetization level by integration of incremental 
permeability calculated via Jiles-Atherton hysteresis model. 
Besides this, the dynamic phenomena are described using the 
Bertotti formula. The assessment of the 3MA linear and non-
linear EC (IP)  is performed by comparison of computed data 
and experimental signals. 

In future work, the multi-layer approach will be analyzed 
and validated in case of the non-linear eddy current technique, 
where the impact of surface layers will be studied. 
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Abstract—In this paper, we present a study on the 

interactions between a conventional copper coil, powered with 

a DC voltage, and a superconducting one. Partial element 

equivalent circuit (PEEC) method is adapted for the 

calculation of self and mutual inductance, partial electrical 

resistance and induced currents distribution in 

superconducting coil. The power law model is considered in 2D 

modeling of superconducting material behaviour, and we 

implement an iterative calculation system for the proposed 

semi-analytical approach. 

Keywords— Copper coil, superconducting coil, self and 

mutual inductance, resistance, Partial Element Equivalent 

Circuit (PEEC) method. 

Introduction  

Superconducting (SC) materials represent a major 
advancement in electrical engineering field. With the 
continuous improvement of cryogenic systems, SC coils 
have found applications in various fields such as energy 
storage, wireless energy transfer, induction heating and 
electric machines, thereby offering exceptional performance 
and capabilities [1-2]. During operation, these materials are 
generally exposed to external magnetic fields that will affect 
strongly the behavior of superconductors. So, it’s very 
interesting to study the behavior and operating limits of 
these materials before their use in different electromagnetic 
devices. 

In this paper, we develop a semi-analytical approach to 
calculate the total partial inductances and resistances results 
of the interaction between an excitation copper (EC) coil 
and a SC one. 2D Partial element equivalent circuit (PEEC) 
method is applied in order to obtain a full impedance matrix 
containing resistances, self-inductances and mutual 
inductances between each elementary conductor. We 
propose an iterative system process for calculation of these 
quantities. In this work, we also calculate the induced 
currents distribution on SC coil surface.  

I. FORMULATION OF THE BASIC PROBLEM 

Fig. 1 illustrates the geometry of the problem under 
consideration. It shows a EC coil placed below a SC one. 
Both coils have an air core and a rectangular cross-sectional 
area, and the air gap between them is 4 cm. The studded 

system is considered as a 2D problem, where the conducting 
forms are composed of multiple long parallelepipeds 
represented by juxtaposed rectangular surfaces, as illustrated 
in fig. 1. Each conductor has its resistance and self-
inductance. We denote by M and N the total number 
subdivisions of SC and EC coil respectively. EC coil is 
supplied by the voltage (U1-U2). 

 

 

 

 

 

 

 

Fig. 1. Geometry and 2D discretization of global studied structure. 

II. CALCULATION OF ELECTRICAL PARAMETERS 

A. Resistances calculation of the elements EC and SC coil  

For EC coil, we assume that the resistivity is constant. 
Therefore, according to Ohm's law, the resistance 
expressions of EC and SC coil are written as 

𝑹𝑬𝑪 =  𝝆𝒄

𝒍

𝑺
 

(1) 

𝑙  is the coil longitudinal length, 𝜌𝑐 = 1,7. 10−8 Ω. m  is 
the resistivity of copper and 𝑆 is the cross-sectional area of 
EC coil. 

𝑅𝑆𝐶 =  𝜌𝑆𝐶

𝑙

𝑆𝑆𝐶

 
(2) 

The power law model for SC coil is 

𝜌𝑆𝐶 = (
𝐸𝑐

𝐽𝑐

) (
|𝐽|

𝐽𝑐

)

𝑛−1

+  𝜌0 
(3) 

𝐽 is the current density in SC coil, 𝐽𝑐 = 2 × 108 A/m2 is 
the critical current density, 𝐸𝑐 =10-6 V/m and 𝜌0  = 10−16 
Ω.m critical electric field and initial resistivity value 
respectively. The n value is considered at 30. 

Superconducting 

coil 

 

 

 

Excitation 

copper coil 
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B.  Self and mutual inductances calculation for the 

elements of EC and SC coil 

The calculation of inductance through Green's functions 
(U and V), using the geometric mean distance (ln D) for the 
specific case illustrated in fig. 2, of two parallel rectangles 
with widths (A, a) and thicknesses (B, b) separated 
respectively by T and Q, is given by 

𝑙𝑛𝐷

=  −
25

12

+
1

2(4𝑎𝑏)(4𝐴𝐵)
∑ ∑ ∑ ∑(−1)𝑖+𝑗+𝑘+𝑙𝑓(𝑈, 𝑉)

1

𝑙=0

1

𝑘=0

1

𝑗=0

1

𝑖=0

 

(4) 

 

Fig. 2. Geomitrical parameters for inductances calculation. 

𝑓(𝑈, 𝑉) = (
𝑈2𝑉2

4
−

𝑈4

24
−

𝑉4

24
) 𝑙𝑛(𝑈2 + 𝑉2) +

𝑈3𝑉

3
𝑡𝑎𝑛−1 (

𝑉

𝑈
) +

𝑈𝑉3

3
𝑡𝑎𝑛−1 (

𝑈

𝑉
) 

(5) 

With 

𝑈 = 𝑇 − (−1)𝑖𝑎 + (−1)𝑗𝐴 (5) 

𝑉 = 𝑄 − (−1)𝑘𝑏 − (−1)𝑙𝐵 (7) 

The mutual inductance for the two conductors is given 
by 

𝑀𝑝 ≅
𝜇0

2𝜋
𝑙 (𝑙𝑛

2𝑙

𝐷
− 1) 

(8) 

 
Also, the self-inductance is given as follows 

𝐿𝑝 ≅
𝜇0

2𝜋
𝑙 (𝑙𝑛

2𝐿

𝑎+𝑏
+

1

2
) (9) 

 

III. APPLICATIONS AND RESULTS 

In this specific application (Fig.1), the EC coil 
dimensions are (90mmx30mm) outer and inner diameter, 
70mm of height and 100mm length. This coil is powered by 
a voltage ramp function U=K.t with K=300 V/s and t is the 
considered time. The SC coil dimensions are 
(90mmx30mm) outer and inner diameter, 25mm of height 
and 100mm the length.   

Fig. 3 shows the distribution of electrical resistances in 
SC coil. Resistance values vary from 0 to 1.2 ohms in the 
SC surface. A partial translation of the SC state in these 
(resistive) regions due to the applied field with EC coil near 
these surfaces. 

Fig. 4 presents the distribution of inductances in SC coil 
surface. It’s observed that the near places to EC coil have a 
higher inductance value than those that are distant from it. 

At the voltage U=12V (0.04s) for a time step 0.002s, we 
observe a good symmetry of current penetration for both the 
output and input parts of SC coil, fig. 5. The penetration is 

stronger in the region that applied magnetic field is 
important. For these reasons, we observe that the penetration 
at the bottom of SC coil is stronger than at the top.  

 
Fig. 3. Electrical resistance in SC coil. 

 
Fig. 4. Distribution of inductances in SC coil. 

 
Fig. 5. Penetration of current densities into SC coil surface. 

IV. CONCLUSION 

The semi-analytical approach (PEEC) applied in this 
work has proven its effectiveness in studying the interactions 
between conventional and SC coils. We have accurately 
calculated the induced currents, resistances, self and mutual 
inductances. This method offers a balance between accuracy 
and computational efficiency, compared with numerical 
methods, which can require significant calculations. 
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Abstract—-This work presents the impedance computation of 

exciting coil at high frequency by using coupled electric circuits 

method that uses the mutual inductance's computation approach. 

The main advantages of the method are that allows the 

calculation of physical quantities compared to those that exploit 

an intermediate mathematical unknown as magnetic vector 

potential. The considered exciting coil is subdivided into thin 

elementary turns for which the Kirchhoff laws are applicable. 

The eddy currents are calculated for high frequency power 

supply the electrical parameters of single and multi-coils are then 

deduced. The obtained results are compared to existing ones. 

 

Index Terms—Analytical method, coupled circuit method, 

eddy currents, mutual inductance, three dimensional modeling. 

I. INTRODUCTION 

The method of coupled electrical circuits is used instead of 

numerical methods as finite elements; boundary   coupled 

finite elements boundary elements methods. The partial 

equivalent electric circuits (PEEC) which is dedicated to 

Cartesian geometries is also used but the coupled electric 

circuits method has some advantages as precision and 

calculation time specially in case of 3D computation. The 

method is applied for the representation of 3D cylindrical 

structures. 

II. COUPLED ELECTRICAL CIRCUITS EQUATIONS  

The calculus to express the self-inductance, the resistance of 

each elementary turn and mutual inductances between turns  

are given by equations (1), (2) and (3). 

i

i
ii S

R


 =  

iR the resistance of elementary turns i, i : electrical resis-

tivity, iS : cross-section of the elementary turn, i : length of 

the elementary coil. The mutual inductance ij m between two 

elementary turns i and j is given by [1]: 
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The self-inductance is obtained using the expression below: 
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0 : Magnetic permeability of vacuum, 
ir and 

jr  are radii 

of the elementary turns i and j respectively. ‘’Di’’ is the width 

of elementary turn of the copper conductor [2]. 

Kirchhoff's law allows us to write the corresponding electrical 

equations (4) and (5) for the elementary turn. Lij is the total 

inductance, Mij and Lpi  are mutual and self inductances  of 

elementary turn respectively.  
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III. COUPLED ELECTRICAL CIRCUIT MODELS 

A. Coupled electrical circuit discretization 

A coupled electrical circuit model is developed from 

Newmann formula with a non wired turn and a height of (zai , 

zbi) and (zaj , zbj) (Fig. 1). The development of a 3D model is 

proposed by considering the turn of radius r with a variation of 

the height z and the width r. Figure 1 illustrates the volume 

taken into account in the development of the proposed 3D 

model which consider the variation of the physical 

phenomenon according to the height and the width of turns. 

   

The total inductance   Lij between ’’n’’ elementary turns i 

and  j of the conducting ring is obtained using expression (6): 
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Fig.1. 3D Two circular and coaxial turns representation 

(5) 
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respectively. N1 and N2 are the number of elementatry turns of 

coils. idl  and jdl  are a portion of the arc of a circle 

corresponding to the radii ri and rj respectively. 

B. Impedance computation 

The computation of the impedance of the exciting coil is 

possible by using Kirchhoff laws.  

For n subdivisions of a single exciting coil, the equivalent 

electric circuit is as presented hereafter: 

 

 

 

 

 

 

 

 

The impedance formula is obtained by using the expression: 

neq ZZZZZ 1131211

11111 .......++=  

eqeqeq
LjRZ +=  

11
R , 

12
R , 

13
R , ..., 

n
R

1
 and 

11
L , 

12
L ,

13
L  ,..., 

n
L

1
are resistances. 

and inductances of elementary coils respectively. 

eq
R , 

eq
L  and 

eq
Z  are equivalent resistance, inductance and 

impedance of the coil.  

IV. APPLICATIONS AND RESULTS 

The model proposed taking account of the 3D effects is 

applied for two kinds of arrangements involving two coaxial 

coils configurations.                                               

A. Application to a multi-turns coil 

The application considered concerns a 2D and 3D current 

distribution in a thick conductor [3].  

In Fig. 3 are presented the single and two coils with the 

considered coupled circuit discretizations in (r, z) plane.  

 
 

 

The geometry characteristics of the first configuration are: 

inner radius: 40 mm, outer radius: 45 mm, high: 5mm, lift off: 

0.5mm [3]. The eddy currents behavior along ABCDA frontier 

for different configurations is presented in Fig. 5.a and Fig.5.b 

for 2D and 3D studies respectively. The results given in 

Fig.5.a (2D) are very close to those given in [3]-[4]. This 

result is the first quantitative validation of the study. In Fig. 

5.b are given the results for simplified 3D model proposed. 

The difference highlighted in the results obtained between the 

2D and 3D models are considered encouraging, presaging 

support for 3D effects by the proposed 3D model. The 

experimental achievement would confirm the results.  

 
 

 
 

 

The impedance computation is performed for two 

configurations. The validation of the developped programm is 

done by comparing to existing results of configuration 2 which 

inner and outer radii are 250 mm and 255mm respectively 

with 5 mm width [3]. In Table I are given the results related to 

the impedance for several configurations. 

TABLE I.       EMECTRIC PARAMETERS COMPUTATION  

 Single coil (Configuration 2) Two coils (Configuration 1)  

 Computed Experimental 2D 3D 

R (Ω) 5.6e-3  5.6e-3 1.2e-3 1.3e-3 

L (H) 1.32e-6 1.34e-6 0.248e-6 0.2409e-6 

V.     CONCLUSION 

In the present work an analytical 3D model based on the 

coupled electric circuits approach is applied.  The eddy current 

distribution is computed and a comparison with existing 

results permits the validation of the 2D study. The developed 

3D model shown some capabilities in modeling thick coils and 

taking acount of proximity effects. The impedance is 

computed for a single and a two coils.  The results for sigle 

coil are very close to experimental data when the 3D ones 

seems to be acceptable and experimental validation is needed. 
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Résumé— Cette contribution présente une modélisation 
semi-analytique d'un récupérateur d'énergie 
électromagnétique issu du mouvement d'aimant à l'intérieur 
d'une bobine. Cette modélisation, du côté électromagnétique, 
est basée sur la méthode des circuits couplés et est limitée à la 
récupération de la tension à vide. Les phénomènes 
électromagnétiques et mécaniques sont alors découplés. Le 
modèle élaboré est ensuite comparé à celui de l'approximation 
dipolaire et validé par des résultats déjà publiés. 

Mots clés : moment dipolaire, circuits couplés, énergies 
vibratoires, aimant, bobine. 

I. INTRODUCTION 

De nos jours l'alimentation des appareils électroniques 
portables constitue un enjeu majeur, d'où l'importance de 
l'exploitation de l'énergie ambiante, l'énergie cinétique sous 
forme de mouvement ou de vibrations émerge comme une 
solution prometteuse pour ces appareils, offrant une 
disponibilité constante et un coût modéré [1,3]. Les 
récupérateurs électromagnétiques se révèlent 
particulièrement adaptés grâce au développement des supers 
aimants.  

Cet article propose une étude comparative de modèles de 
calcul de la tension électromotrice induite par le mouvement 
sinusoïdal d'un aimant à travers une bobine en mettant en 
évidence l'efficacité et la complexité du modèle des circuits 
couplés et la simplicité du modèle issu de l’approximation 
dipolaires. 

II. MODÉLISATIONSELECTRMAGNETIQUES 

A. Principe des circuits électromagnétiques couplés  

Soient deux circuits électriques, p et q circulaire. Le 
circuit q est une source de champ magnétique et le circuit p 
est un récepteur de ce champ [4]. Pour décrire les 
phénomènes présents entre ces deux circuits, les équations 
de base de Maxwell et la loi de Biot-Savart aboutissent aux 
deux équations couplées suivantes : 
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 [T.m] est le potentiel vecteur magnétique généré 

par le circuit q et reçu par le circuit p. 
q

I


[A] est l’intensité 

de courant source. 
p

u [V] est la tension à vide du récepteur, 

0=4π10
-7

 [H/m] est la perméabilité du vide. 

Gpq représente la réponse du système au point p(r,z) [4]. 
E1 et E2 sont des fonctions elliptiques de Legendredu  

 

 

premier et du deuxième type.rq et rp sont les coordonnées 
radiales respectives de la source et du récepteur. zq et zp sont 
leurs hauteurs respectives,Fig.2. 
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Le système étant axisymétrique, le potentiel vecteur 
magnétique et la densité de courant électrique sont réduits à 
leurs composantes angulaires. 

 

 

 

 

 

 

 

 

 

 

 

B. Description du récupérateur d'énergie 

Fig. 2 présente la forme du récupérateur, composé d'un 
aimant de hauteur (ha) et de rayon moyen (ra), aligné le long 
de l'axe z et en déplacement à travers une bobine. Cette 
bobine est constituée d'un nombre de spires (N), d'une 
hauteur (hb) et d'un rayon moyen pour chaque spire (rb). 

 

 

 

 

 

 

 

 

 

 

Fig.1. Principe des circuits couplés 

rq 

 

 

zp 

 

zq 

 

0 

 

Aqp 

 

 

e


 

 

z 

 

rp 

 

App 

 

r 

 

 Aqq 

 

Fig.2. Principe du récupérateur électromagnétique 
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C. Modèle des circuits couplés  

L’aimant est représenté par un courant équivalent 
exprimé à travers le théorème d’Ampère.  Pour un aimant de 
hauteur haet d’induction magnétique résiduelle Ba, le 
courant est donné par : 

0

aa
a

hB
I


=

         

(3) 

En exploitant le modèle des circuits couplés tel que 
défini par (1), pour le système aimant-bobine en considérant 
que le mouvement de l'aimant est axial de vitesse vz,on 
parvient à exprimer la tension induite normalisée aux bornes 
de la bobine à vide comme suit : 
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Où N estle nombre de spires de la bobine. 

On pose : 
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D. Modèle  par approximation dipolaire 

Dans cette approche où le rayon de l’aimant est très 
faible devant la distance où on calcule champ magnétique 

(ra<<), (Fig.3),en coordonnées sphériques (ρ,θ,), les 
différentes  composantes du champ sont données par [4]: 
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En note par ap zzz −= , on exprime la composante 

radiale Br du champ magnétique [4] et de la tension induite 
normalisée aux bornes de la bobine par l’approximation 
dipolaire comme suit : 
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III. APPLICATION ET RESULTATS  

Pour exploiter les deux modèles, nous avons repris une 
configuration aimant-bobine déjà traitée en [3].  

L’aimant de type NdFeB, de hauteur 1.52mm et de 
rayon intérieur et extérieur respectivement de 1.59mm et 
4.76mm. La bobine, composée de 1960 spires, a une hauteur 
de 4mm, de rayon intérieur de 6mm et extérieur de 11mm. 

A. Comparaison entre circuits couplés et approximation 
dipolaire 

La figure 4 montre la comparaison entre la tension 
induite normalisée calculée par les circuits couplés et celle 
de l’approximation dipolaire. 

 

 

 

Dans Fig. 4.a, des écarts de résultats sont observés entre 
les deux modèles particulièrement dans la zone où l'aimant 
est proche de la bobine (-5<z<5) où l’approximation 
dipolaire n’est pas valable. Cependant, lorsque ra≪ρ, les 
résultats concordent bien. Dans Fig. 4.b, les deux modèles 
convergent avec une erreur qui ne dépasse pas 5% pour un 
rapport de 24%. 

IV. CONCLUSION 

Pour réduire le temps de calcul et de l’espace mémoire, 
le modèle de l’approximation dipolaire est adopté,lorsque 
l’aimant est suffisamment loin de la bobine. Dans le cas 
contraire et pour plus de précision, on utilise le modèle des 
circuits électromagnétiques couplés. 
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Abstract—The present work concerns the development of a 

model which have the capability to represent accurately the 

skin/sensor contact in an electromagnetic problem study. The 

later consist of elctro-encyphalography (EEG ) signals 

encountered in neuroscience health diagnosis.  The 

electromagnetic problem studied is governed by Poisson’s 

equation and solved using finite element method. The 

skin/sensor contact is modeled by an analytical solution, which 

is coupled to finite element resolution.  The signals induced by 

neuronal equivalent current are presented and investigated. A 

comparison with existing results is then performed. 

Keywords—numerical modeling, analytical solution, 

skin/sensor contact, EEG signal, neuroscience, diagnosis. 

I. INTRODUCTION  

Inter-cerebral activity of electrical origin generates a 

potential difference between two positions of the human 

scalp. The signals resulting from this potential difference are 

recorded using an encephalogram (EEG). In the case of the 

development of mental processes such as: sensation, 

perception, cognitive processing, intentional mechanisms, 

motor acts or mental imagery a change in electrical potential 

appears near the surface of the scalp [1].  
The current study focuses on the modeling of the 

skin/sensor contact with an analytical solution on the air-gap 
area governed by 2D Laplace's equation. The latter is solved 
using separation variables method [2]. The others parts of the 
solving domain are solved by finite elements method. A 
coupled model between finite elements and analytical 
solutions is then build and applied to the study of EEG signal 
produced by an equivalent neuronal current [3].  The results 
obtained using coupled model are compared to those given 
by finite elements solution. The capability of the coupled 
model to take account of thin air-gap is highlighted 
compared to the use of finite elements method. 

II. POISSON’S EQUATION SOLUTION 

A. Poisson’s Equation 

The 2D Poisson’s equation to be solved in the current 
study is deduced from Maxwell's equations (1) and (2) by 
considering static mode. In this case, the unknown variable 
to be considered is the electric scalar potential V. 
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By introducing  (3) and (4), equation (1) becomes: 
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The partial differential equation form in Cartesian 
coordinates is given as following: 
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�⃗�  is the electrical field vector [V/m],�⃗⃗�  is the displacement 

current [A.s/m2] and ρ(t)  is the electrical charge density 

considered as analytical function of time[C/m3] [1]. 

ε0 is the electric permittivity of vacuum [F/m] and εr is the 

relative electric permittivity. 

B. Solution of Laplace Equation in the air-gap 

The Laplace equation in air-gap between skin and sensor is: 
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The solution of (8) is obtained using variables separations 

technique with the associated boundary conditions f(x) and 

shown in Fig. 1. 
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The analytical solution obtained after resolution, using 
variables separation method, is given by as follows [4]: 
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if i= 1, 2,…, n1  then  dy’= y2     and       dy= y1      

 

 if i= n1+1,…, nt       then dy’=y1 and    dy =y2 

The normal derivative of analytical solution is given by:. 

x(m) 0 

f(x) 

g(x) 

y(m) 

Skin 

Sensor 

Air-gap 

b 

Fig. 1. Air-gap (Skin/sensor interface) 

(9.a) 

(9.b) 

(9.c) 

(9.d) 

(10) 

(11) 

(12) 
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is the normal derivative vector.  

The condition at the air-gap frontiers is assumed to be: 
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FEV and 
anV  are the Finite elements analytical unknowns 

respectively.  
. 

C. Finite Elements Formulation 

The finite element formulation of Poisson’s equation 
using Galerkin method is expressed as fellow:

( )  
=−


− 0   . dxdyd

n
VdxdyV i

FE

ii 





 (16) 

By introducing (12) in (13) and after assembly, we obtain the 
algebraic system bellow: 

   ( )   KVIS =+                                                               (17)  

( ) = dxdyS jiij    . 


               
 




= d

n
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an
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dxdyK ii =  



  

The resolution of the algebraic system (17) at each time 
step permits the computation of the electric potential in the 
meshed and the non-mesh sub domains with fixed air-gap. 

III. APPLICATION AND RESULTS 

The coupled model developed is applied to study the 
effect of the air-gap between skin and sensor on 
electroencephalograph signal of a neuroscience device.  The 
solving domains related to the coupled problem are shown in 
Fig. 2. The electric potential distribution is shown in Fig. 3. 

 

 

 
 

We note that with 2m of air-gap the FE mesh is not 
possible because of very small surface of triangles (Table I).  
In Fig. 4 and Fig. 5 are given the FE results for air-gap 

higher than 2m. The coupled finite elements-analytical 
model permits to realize a simulation by considering the air-

gap width less than 2m in the FE-AN model with analytical 
solution because air-gap is note meshed (Fig. 3 and Fig.7). 

 
 

In Table I are given the nodes numbers considered for 
each finite elements and coupled (FE-AN) resolutions 
according to the air-gap thickness variation.  We can see 
that the number of unknowns grows drastically in case of FE 
model and induces a higher computational resolution time. 

TABLE I.  TNODES NUMBERS COMPARISON 

Air-gap (m) 50 20 5 2 1 

Nodes (FE) 118853 181169 288470 - - 

Nodes (FE-
AN) 

19433 29676 38609 17416 17416 

In Fig. 6 are presented relatives values of the sensor 
voltage for both FE and FE-AN models. The results are quit 
comparable and then permits to conclude to the validity of 
the developed model. The results given in Fig. 7 shows the 
sensor voltage obtained for small air-gaps (1 µm, 2 µm and 
5µm). This allows us to confirm the high capability of the 
FE-AN model than the FE one for contact modeling.

 

 

The capability of the proposed FE-AN model in the 
modeling of the contact between sensor and the skin 
highlight the effects on the sensor voltage level. The later 
could influence EEG signal received and consequently the 
diagnostic nature knowing that the equivalent neuronal 
current source level for a macro column of neurons is made 
up of the activity of 104 to 1 million neurons.     
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Abstract—The advanced utilization of alloys and steel in 

critical engineering systems underscores the need for rapid, 

effective, and reliable nondestructive testing (NDT) methods. This 

study explores breakthrough NDT techniques by visualizing 

magnetic flux density (MFD) at the material surface, including 

magnetic particle inspection (MPI), magnetic flux leakage testing 

(MFLT), magnetic metal memory (MMM), and Eddy current 

testing (ECT). Significant advancements in each method are 

discussed, particularly how they simplify defect detection through 

advanced integrated image processing techniques. We present 

innovative approaches for quantitatively imaging MFD, utilizing 

arrays or scanning magnetic sensors. These techniques have been 

successfully applied to the nondestructive testing of express train 

wheels and small-bore piping in heat exchangers. Additionally, we 

introduce a novel method for three-dimensional vector imaging of 

MFD within metal grains, offering a comprehensive view of 

potential defects at the microstructural level. 

Keywords—magnetic flux density,nondestructive 

testing,Faraday effect,sensor array,train wheel, heat exchanger, 

grain, domain 

I. INTRODUCTION 

The increased use of advanced alloys and steel in 
engineering systems has driven the need for rapid, 
straightforward, and dependable methods to maintain their 
structural integrity. As societies and economies rely heavily 
on the optimal performance of these materials, it becomes 
essential to conduct regular structural assessments. These 
evaluations ensure that the systems not only operate safely 
but also achieve their intended performance over their entire 
design lifespan. Nondestructive testing (NDT) plays a crucial 
role in these assessments by providing a means to inspect 
materials, parts, and structures without compromising their 
integrity. This capability is particularly important in sectors 
where the failure of a component could lead to significant 
financial loss or, worse, catastrophic safety incidents.Among 
the NDT techniques employed, those measuring magnetic 
flux density (MFD) at the material surface are particularly 
noteworthy. These include magnetic particle inspection 
(MPI), magnetic flux leakage testing (MFLT), magnetic 
metal memory (MMM), and eddy current testing 
(ECT).Here, ECT measures the amplitude and phase of time-
varying induced MFD. 

On the other hand, we know that visualizing and imaging 
the distribution of MFD offers the advantage of easily 
identifying defects, and various image processing methods 
can be actively utilized to improve their capabilities. In this 
study, we will explore the recent breakthroughs in MFD 
measurement and their specific applications for NDT. It 
includes case studies that quantitatively measure and image 

MFD by arraying or scanning magnetic sensors (referred to 
hereafter as a 'magnetic camera') and using them for NDT of 
express train wheels and the small-bore piping in heat 
exchangers. Additionally, we present a three-dimensional 
vector imaging method for MFD in metal grains. 

II. VISUALIZATION OF MFD AND APPLICATION IN NDT 

A. Magneto-Optical Non-Destructive Inspection 

The Magneto-optical (MO) Faraday Effect, commonly 
referred to as MOE, is an intriguing and effective method for 
imaging the distribution of static and time-varying MFD in 
surface inspection. MOE operates based on the Faraday 
rotation (FR) effect, which corresponds to the transformation 
of polarized light transmitted through magnetic material. In 
non-destructive inspection, MOE contributes to investigating 
the distribution of distorted magnetic domains caused by the 
presence of defects. The MO non-destructive inspection 
(MONDI) system operates based on the Faraday rotation 
effect, which affects the behavior of light propagation 
through a magnetized medium [1–4]. An MO sensor is used 
to detect the MFL distribution around a crack, offering high 
spatial resolution. In this presentation, the prediction of the 
shape and direction of a defect using the transfer learning 
method and the MONDI system will be presented. 

B. Train Wheels Inspection using Magnetic Camera[5] 

Two individual InSb Hall sensors are combined to form a 
single differential-type Hall sensor (D-HaS) spaced 0.52 mm 
apart. Each pair of sensors measures the differential magnetic 
field at the position of each sensor. The D-HaSs are arranged 
on a NiZn ferrite wafer to create a large detection area. The 
differential magnetic intensity can be measured by crossing 
an input signal row with an output signal column. 

To inspect the large wheel tread area while avoiding the 
train's weight, sensors are embedded into each rail half. 
Permanent magnets (Nd–Fe–B) are placed beneath the 
sensors to induce a vertical magnetic field in the wheel, with 
a maximum field strength of 200 mT. These magnets and 
sensors are supported by a flexible fixture jig, which protects 
the system from the train's weight and any contact with the 
wheel. Each half of the wheel tread can be inspected 
sequentially over the course of the first- and second-wheel 
rotations. Additionally, a photodiode is positioned near the 
first sensor to signal the train's entry into the sensor 
region.This presentation will cover how to inspect wheel 
tread at train speeds ranging from approximately 1.17 to 30 
km/h. 
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C. Small Bore Piping of Heat Exchanger [6,7] 

When a time-varying magnetic field is applied using one 
or two exciting coils, the current density induced in a 
metallic specimen becomes distorted and changes at the 
location of a defect. Consequently, the distribution of MFD 
varies not only in amplitude, which reflects the size of the 
defects, but also in phase, indicating their position. By 
employing a cylindrical array of semiconductor-based 
magnetic sensors, such as Hall sensors or GMR sensors, with 
sizes ranging from 0.5 to 1.3 mm, it is possible to assess the 
existence, location, and size of defects. On the other hands, a 
biased electric motive force (EMF) can occur due to 
domestic magnetization in δ-ferrite structures of metallic 
specimens, ferromagnetic foreign materials, and high 
permeability components such as a tube support plate (TSP). 
This bias affects not only coil sensors but also 
semiconductor-based magnetic sensors, as the local 
magnetization direction influences the sensor readings. 

Bobbin-type magnetic cameras that array semiconductor-
based magnetic sensors circumferentially in the axial 
direction. And cylinder-type magnetic camera integrates 
multiple bobbin-type sensor array. A wide bobbin coil is 
wound at the top side where the sensors are positioned. By 
applying alternating current to the bobbin coil and activating 
a column of circumferentially arrayed magnetic sensors, the 
device effectively constructs a bobbin-type magnetic camera. 
Here, the exciting coil generates the Lissajous signal typical 
of first-generation ECT, while the magnetic sensors detect 
the time-varying MFD characteristic of third-generation 
ECT.Furthermore, by positioning a cylinder-type magnetic 
camera where a defect signal is detected and activating 
matrix-type array sensors through electrical scanning, it is 
possible to eliminate the bias EMF signal caused by 
mechanical scanning. Since the output around defects 
induced by the exciting coil is alternating current, the bias 
DC output resulting from localized magnetization applied to 
the sensor can be efficiently filtered out using a high pass 
filter (HPF). Therefore, this system not only outputs first, 
second, and third-generation ECT signals but also removes 
bias output signals generated by localized magnetization of 
the specimen.  

D. 3D Magnetic Flux Density Inside a Grain [8] 

We have developed a measurement system capable of 

imaging the three-dimensional distribution of MFD in a 

ferromagnetic material. Our methodology combines a three-

axis tunnel magnetoresistance (TMR) sensor with 

microscopic imaging to visualize the MFD distribution 

within a grain. By integrating surface polishing techniques, 

we captured the MFD on each surface layer, and by slicing 

through these layers, we achieved a detailed visualization of 

the MFD across a single bulk grain.  

One of the major intellectual challenges was merging 

TMR data with microscopic images, requiring precise 

alignment and integration of data from diverse sources. To 

accurately track the specimen's position based on TMR data 

alone, we coiled three turns of a 0.1-mm enameled wire 

around the specimen. This coil setup served as an anchor, 

allowing precise tracking of the material's position based on 

the edge effect of the stray field. Furthermore, we then 

compiled all the collected MFD data, aligning it with the 

boundary coordinates from three orthogonal perspectives to 

construct a comprehensive 3D representation of the MFD 

within the grain (Figure 1). 
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Fig. 1. Visualizing the 3D distribution of MFD within a grain 
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Résumé--cet article présente les résultats de simulation de 

l’influence de la dépendance en température et en champ 

magnétique sur la courbe d’hystérésis magnétique dans les 

matériaux supraconducteurs a HTC. La méthode des 

volumes finis dans sa version tridimensionnelle est utilisée 

pour discrétiser les EDP décrivant les phénomènes 

électromagnétiques et thermiques couplés pour l'étude de la 

courbe d’hystérésis dans ce type de matériaux.  

 
Mots Clés- Supraconducteur, Hystérésis magnétique, Modélisation 

3D, Méthode des volumes finis, modèle de KIM. 

I. INTRODUCTION  

Un matériau supraconducteur est défini par une résistivité 

zéro et un flux magnétique zéro à l'intérieur de celui-ci, 

tandis que les supraconducteurs de type II présentent une 

pénétration partielle de flux, où le flux traverse de petits 

tubes dans l'état normal. Les tubes de flux entraînent une 

mémoire qui provoque une hystérie, entraînant ainsi des 

pertes. En produisant un courant de transport adéquat, une 

force de Lorenz se produit, ce qui entraîne des tubes de flux, 

ce qui entraîne la disparition de l'effet mémoire inhérent, 

ainsi que de l'hystérie. Il est possible d'observer une 

saturation dans les mesures de perte lorsque le courant 

critique approche [1]. L'étude de l’hystérésis magnétique 

dans les matériaux supraconducteurs est essentielle pour 

comprendre les pertes de courant électrique, car elles sont 

l'une des principales causes de pertes dans ces câbles [2]. 

Pour cela, dans cet article nous avons développé un code de 

calcul 3D basés sur la formulation A-V et qui utilise la 

méthode de volume fini MVF pour résoudre le problème 

électromagnétique et thermique non linéaire couplé en vue 

l’étude de l’influence de la dépendance en température et en 

champ magnétique sur la courbe B(H). 

 

II. METHODES D'ANALYSE MATHEMATIQUE ET 

NUMERIQUE 

La courbe d’hystérésis  dans les supraconducteurs doit être 

simulée après la magnétisation par  l'application d'un champ 

magnétique alternatif. Afin de trouver une solution au 

problème électromagnétique, nous avons utilisé une 

formulation électromagnétique en trois dimensions (3D) en 

A-V fournie par [3-4]. le problème thermique est résolu par 

résolution de l'équation de diffusion de la chaleur [5-10]. 

III. LES PARAMTRES DE SIMULATION 

Dans notre étude, nous utilisons un matériau 

supraconducteur à haute température critique (SHTc) en 

GdBaCuO de taille rectangulaire 33x33x20 mm3. Celle-ci 

est placé au centre d'un solénoïde magnétisant traversé par 

une impulsion de courant (Fig. 1). Le solénoïde produit un 

champ magnétique extérieur sinusoïdal avec une fréquence 

de 50 Hz pendant une durée de 20 ms (Fig. 1). 

 
 

Fig.1. Dispositif d’étude. allure du champ magnétique 

appliqué. 

Résultats et interprétations 

 
 

Fig.2. Évolution de l’induction magnétique dans le 

supraconducteur en fonction de champ
 
magnétique appliqué 

pour les deux modèles (E-J-T) et (E-J-B). 
 
 

L'induction magnétique piégée B dans la pastille en fonction 

du champ magnétique appliqué est représentée dans la Fig.2. 

L'échantillon est dans l'état diamagnétique lorsque le champ 

magnétique appliqué commence à augmenter à partir de 

zéro. La magnétisation augmente lorsque certains courants 

pénètrent dans la pastille supraconductrice. La fig.3. 

présente  la courbe d'hystérésis magnétique ΔB = B–

μ0×Happ en fonction de champ magnétique applique pour 

μ0×Happ dans le SHTc pour les deux modèles, le premier 

modèle prend en compte la dépendance en température (E-

J-T) et le second avec la dépendance en champ magnétique 

(E-J-B). Les cycles d'hystérésis montrent le comportement 

diamagnétique des matériaux SHTc (inclinaison négative à 

l'origine) et le supraconducteur présente une aimantation 

négative en dessous de la température critique lorsqu'il est 

refroidi sous champ. Ainsi, l’allure de la courbe d'hystérésis 

présentée dans la fig.3. Elle explique  la  différence entre les 

deux modèles, E-J-T et  E-J-B. 
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Fig.3. Distribution de l’induction magnétique piégé B à z = 

5 mm au dessus de la surface supérieur du matériau SHTc 

avec le modèle qui prend la dépendance en température (E-

J-T) et (E-J-B). 

 

La distribution du champ magnétique B qui est atteinte au 

régime permanent par le matériau SHTc aimanté est illustrée 

à la Figu.3. La première figure avec le modèle qui prend en 

compte la dépendance en température (E-J-T) et la seconde 

avec la dépendance en champ magnétique (E-J-B). Le 

champ magnétique présenté est calculé à z = 0,5 mm sur la 

surface supérieure du matériau SHTc aimanté pour Hm = 

4×107 A/m. Les résultats montrent que le champ magnétique 

piégé a une forme concave pour les deux modèles. 

La distribution de la température au sein de la pastille 

supraconductrice est illustrée dans la fig.4. pour les deux 

modeles (E-J-T) et (E-J-B). La température à l'intérieur de 

la pastille augmente graduellement au fil du temps. La 

température se répartit d'une manière non homogène à 

l'intérieur de la pastille, le centre de la pastille semble le 

plus froid, mais la température est plus élevée aux 

extrémités de la pastille, ce qui peut être expliqué par la 

variation du champ magnétique appliquée pendant 

l'aimantation de la pastille SHTc, ce qui provoquera une 

densité de courant critique plus élevée et, par conséquent, 

l’augmentation  de la densité de puissance et par conséquent  

l’augmentation de la température au sein de la pastille 

supraconductrice. Selon les résultats de simulation 

présentés, la température maximale du supraconducteur 

pour le modèle de dépendance en température atteint une 

valeur maximale de 28°K, mais pour le modèle qui prend la 

dépendance en champ magnétique, le supraconducteur 

atteint une température maximale de 25.5°K. 

 

Fig.4. Répartition spatiale de la température T au sein du 

matériau SHTc avec le modèle qui prend la dépendance en 

température (E-J-T) et (E-J-B). 

 

IV. CONCLUSION 

Dans ce document, nous avons utilisé deux modèles de 

comportement différents pour simuler le comportement 

magnétique et thermique du matériau supraconducteur à la 

base de la MVF pour étudier le cycle d'hystérésis 

magnétique. Le premier prend en compte la dépendance en 

T, tandis que le second prend en compte la dépendance en 

B. Les résultats de la simulation ont montré qu'il existe une 

différence entre les deux modèles, donc des mesures 

expérimentales doivent être menées pour valider les 

résultats de la simulation. 
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Abstract—This paper investigates the problem of existence and
uniqueness of global or blow-up solutions under the traveling
profile forms for a free boundary problem of a one-dimensional
space-fractional heat equation. It does so by applying the prop-
erties of Schauder’s and Banach’s fixed point theorems. For
application purposes, some examples of explicit solutions are
provided to demonstrate the usefulness of our main results.

Index Terms—fractional heat equation, global or blow-up
solutions, existence and uniqueness

I. INTRODUCTION

This paper particularly addresses and discusses some ana-
lytical studies on the existence and uniqueness of global or
blow-up solutions under the traveling profile forms for a free
boundary problem of diffusion equations of moving fractional
order as follows

∂tω = κ∂α
xω, κ ∈ R∗, m− 1 < α ≤ m ∈ N0 − {0, 1} , (1)

where ∂α
xω = Im−α

b(t) ∂m
x ω, with b is a real function of time

t. Also ω = ω (x, t) is a scalar function of a space and time
variables (x, t) ∈ Ω with

Ω = {(x, t) ∈ R× [0, T ] ; b (t) ≤ x ≤ a (t) + b (t)} ,

a (t) > 0 for any t ∈ [0, T ] and T may be an infinite or a
finite nonnegative constant.

It does so by applying the properties of Schauder’s and
Banach’s fixed point theorems.

The equation (1) becomes the transport equation for α = 1
and the linear dispersive equations of Airy type for α = 3.

Therefore, for m = 2, the space-fractional diffusion equa-
tion (1) becomes a space-fractional heat equation, in which the
existence problems of its self-similar solutions and its scale-
invariant solutions have been discussed in [2], [5], [8].

Our main goal in this work is to determine the existence,
uniqueness and main properties of the global or blow-up
solution in time of the fractional-order’s PDE (1), under the
traveling profile form (see [4]), which is

ω (x, t) = c (t)φ

(
x− b (t)

a (t)

)
, (2)

This work has been supported by the General Direction of Scientific
Research and Technological Development (DGRSTD)- Algeria.

the functions a (t) , b (t) and c (t) depend on time t and
the basic profile φ are not known in advance and are to be
identified.

This method permits us to reduce the fractional-order’s
PDE (1) to a fractional differential equation; the idea is well
illustrated with examples in our paper. This approach (2)
is very promising and can also bring new results for other
applications in FPDEs.

II. MAIN RESULTS

Throughout the rest of this paper, we have J = [0, 1] and
m − 1 < α ≤ m, with m ≥ 2 is a natural number, κ ∈ R∗

and λ, β, γ, c0, c1 ∈ R. Also the functions a (t) , b (t) and c (t)
depend on time t given by (2).

A. Statement of the Free Boundary Problem and Main Theo-
rems

In this part, we first attempt to find the equivalent approxi-
mate to the following free boundary problem of the diffusion
equation of moving fractional order

∂tω = κ∂α
xω, (x, t) ∈ Ω, κ ∈ R∗,

ω (b (t) , t) = c0c (t) , c0 ∈ R,
∂xω (b (t) , t) = c1

c(t)
a(t) , c1 ∈ R,

∂k
xω (b (t) , t) = 0, k = 2, . . . ,m− 1, m ≥ 3,

(3)

under the traveling profile form

ω (x, t) = c (t)φ (η) , with η =
x− b (t)

a (t)
, (4)

where

a (0) = c (0) = 1, b (0) = 0.

Now, we give the principal theorems of this work.
Theorem 1: Let a (t), b (t) and c (t) be three real functions

of time t, given by the traveling profile form (4). If for all
t ∈ (0, T )

aα (t)

|κ|

[
α

(∣∣∣∣ ȧ (t)a (t)

∣∣∣∣+
∣∣∣∣∣ ḃ (t)a (t)

∣∣∣∣∣
)

+

∣∣∣∣ ċ (t)c(t)

∣∣∣∣
]
< Γ (α+ 1) , (5)



then the problem (3) has at least one solution in the traveling
profile form (4), which is global in time when ȧ (t) > 0, and
it blows up in a finite time

0 < t < T = −a1−α (t)

αȧ (t)
when ȧ (t) < 0 and ċ (t) > 0.

Theorem 2: Let a (t), b (t) and c (t) be three real functions
of time t, given by the traveling profile form (4). If we put
for all t ∈ (0, T )(

|ȧ (t)|+
∣∣∣ḃ (t)∣∣∣) aα−1 (t) < |κ|Γ (α)

and
aα (t) |ċ (t)|

|κ|Γ (α)−
(
|ȧ (t)|+

∣∣∣ḃ (t)∣∣∣) aα−1 (t)
< αc(t), (6)

then the problem (3) admits a unique solution in the traveling
profile form (4), which is global in time when ȧ (t) > 0, and
it blows up in a finite time

0 < t < T = −a1−α (t)

αȧ (t)
when ȧ (t) < 0 and ċ (t) > 0.

B. Existence and Uniqueness Results of the Basic Profile

We should first deduce the equation satisfied by the function
φ in (4) and used for the definition of traveling profile
solutions.

Theorem 3: The transformation (4) reduces the partial
differential equation problem of space-fractional order (3) to
the fractional differential equation of the form

CDα
0+φ (η) = g (η) , η ∈ J, (7)

where
g (η) = λφ (η) + (βη + γ)φ′ (η) ,

with the conditions{
φ (0) = c0, φ′ (0) = c1, for any m ≥ 2,
φ(k) (0) = 0, k = 2, 3, . . . ,m− 1, for m ≥ 3,

(8)

where

(λ, β, γ) =
aα (t)

κ

(
ċ (t)

c(t)
,− ȧ (t)

a (t)
,− ḃ (t)

a (t)

)
, (9)

for some λ, β, γ ∈ R.
In what follows, we present some significant lemmas to

show the principal theorems.
Lemma 1: The problem (7)–(8) is equivalent to the integral

equation

φ (η) = c0 + c1η + Iα
0+g (η) , ∀η ∈ J. (10)

where g ∈ C (J,R) satisfies the functional equation:

g (η) = λ (c0 + c1η + Iα
0+g (η))+(βη + γ)

(
c1 + Iα−1

0+ g (η)
)
.

Theorem 4: If we put

α (|β|+ |γ|) + |λ| < Γ (α+ 1) , (11)

then the problem (7)–(8) has at least one solution on J.

Theorem 5: If we put |β|+ |γ| < Γ (α) and

|λ|
Γ (α+ 1)− α (|β|+ |γ|)

< 1, (12)

then the problem (7)–(8) admits a unique solution on J.

III. CONCLUSION

In this paper, we have discussed the existence and unique-
ness of solutions for a class of two-dimensional space-
fractional heat equations, which is known as the one-
dimensional space-fractional heat equation with mixed free
boundary conditions under the traveling profile form. The
behavior of these solutions depends on some parameters that
satisfy some conditions which make their existence global or
local in a time T. For that we used the Banach contraction
principle and Schauder’s fixed point theorem, while Caputo’s
fractional derivative is used as the differential operator.
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This paper presents the development of an internal transient hybrid model based on the coupling between the voltage fed electric 

circuits modelled using on the Magnetically Coupled Electric Circuits approach (MCEC) and the magnetic components based on the 

Reluctance Network Method (RNM). The coupling between the (MCEC) and (RNM) models is insured through the magnetic flux and 

then lead to a transient differential algebraic equations system solved using the classical Runge-Kutta method.  The calculated  

physical variables for transient operating are the currents in the electrical circuits, the fluxes and the magnetic potentials respectively 

of the magnetic branches and the nodes of the networks. The developed two-dimensional strongly coupled hybrid (MCEC)-(RNM) 

model can be used as an accurate and efficient tool for the optimal design and diagnosis of electromagnetic actuators. 

 

Index Terms— Electromagnetic modeling, Magnetically coupled electric circuit, Magnetic reluctance network.  

 

I. INTRODUCTION 

HE MODEL presented is able to accurately predict transient 

performances and behaviors of electromagnetic actuators 

fed from  voltage source under various operation 

conditions. The proposed model is based on the Reluctance 

Network Method (RNM) which take in charge the magnetic 

components according the theirs geometrical topology and 

materials properties, strongly coupled with the Magnetically 

Coupled Electric Circuits (MCEM) approach associated with a 

the voltage fed windings configurations. The (MCEM) and 

(RNM) transient models coupled through the magnetic flux 

leads to differential equations system which solution at each 

time permit the behavioral  analysis of electromagnetic 

phenomena’s. The developed transient hybrid (MCEM)-

(RNM) models code with an automated network mesh 

generator implemented under Matlab software. 

II. MAGNETIC RELUCTANCE NETWORK MODEL 

The magnetic circuit is discretized by magnetic branche 

Fig.1.,  which constitute the two-dimensional (2D) reluctance 

network mesh [1-2].   

+ -

 

Fig.1. Magnetic potential differences in the active branch  

 

The magnetic potential in the two nodes n and 1n are 

respectively nV  and 1nV  , however the magnetic potential 

differences vector V  expressed by equation (1) is 

established from Hopkinson law. 
 

         VT
cmAV  =        iWmmFU      (1) 

 

Where  V is the nodes magnetic potentials vector,    is 

( bb  ) magnetic reluctance diagonal matrix,    i  is the 

currents vector in of the electric circuits, and   W the  Qb  

transformation matrix of currents of the  electric circuit into 

magnetomotive forces sources of the magnetic core.  

In order to determine the node magnetic potentials vector is 

replaced in equation (2), and then we obtain: 

                      0iWAVAA
1

cm

T

cm

1

cm 


               (2) 

Finally, the magnetic algebraic equations system of the flux 

and the magnetic potentials differences is obtained as follow:  

      
              
            














    

     

iWVA

iWAAAV

1T

cm

1

1

cm

1T

cm

1

cm


         (3) 

The algebraic equations system (3) describes the magnetic 

state of a reluctance networks according to the electric current 

due to the transient voltage fed winding’s.  

III. ELECTRIC CICRUIT MAGNETICALLY COUPLED  

 From the Ohm and Kirchhoff laws, the analytical relations 

between the voltages, the currents and the fluxes, can be 

expressed by the following matrix system:
  

                                        i
dt

d
LiRv                           (4)   

Where  v
 

is the voltages vector,  R  and  L  are the 

resistances and inductances matrix respectively.   

    The time stepping hybrid model is based on the 

simultaneous resolution by the use of well-known Runge-

Kutta algorithm of (MCEM) electrical equation (4) and 

(MRN) magnetic equations (3), to get the electric currents, 

magnetic flux, magnetomotive force and the magnetic force 

computed using the Lorentz formula.  

IV. APPLICATION AND SIMULATION 

A. Problem definition  

The studied electromagnetic actuator with detailed 

dimensions are given in [3] and shows by the Fig.2. The 

electromagnet magnetic circuit and the plate have the relative 

permeability of µr =2777. The coil of R=1 Ω resistance.  

T 



> FOR CONFERENCE-RELATED PAPERS, REPLACE THIS LINE WITH YOUR SESSION NUMBER, E.G., AB-02 (DOUBLE-CLICK HERE) < 

 

 

2 

h

e3

e2e2 d

e1

L

e

Coil

Electromagnet

Air gap

Ferromagnetic 

plate

Φ

 
Fig.2. Electromagnetic actuator structure  

 

The 2D mesh of electromagnetic actuator which is given by 

(Fig.2) is presented by Fig.3. 
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Fig.3. Reluctance network mesh 

 

B. Simulations & discussions 

The coil is supplied with sinusoidal voltage of 80V magnitude 

and frequency of 50Hz.  

The Fig.4 gives expected behaviour of the current and 

magnetic flux. The phase difference between the current and 

the voltage is due to the inductive nature of the load. 
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Fig.4. Voltage, current and flux  

 

The Fig.5 shows that the magnetic potential difference in 

branch 6 (plate) is more important than magnetic potential 

difference in branch 2 with sinusoidal variations following the 

voltage source.  In the Fig.6 we note the sinusoidal variations 

of the magnetic potential differences. The Fig.7 shows the 

transient and periodic evolution of the force applied on the 

ferromagnetic plate 

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
-50

-40

-30

-20

-10

0

10

20

30

40

50

M
ag

ne
tic

 p
ot

en
tia

l d
iff

er
en

ce
s

Time (s)

Potential difference in branch2 U2 (A)
Potential difference in branch6 U6 (A)

 
Fig.5. Potential differences - Ferromagnetic materials 

 

 

 

 

 

 

 

Fig.6. Potential differences - Air gap and active branch 

 

 

 

 

 

 

 

Fig.7. Force applied on the plate – Sinusoidal voltage supply 

V. CONCLUSION 

In this paper a method for the electric and magnetic 

transient analysis of electromagnetic devices, based on the 

hybrid coupled equivalent magnetic circuit and magnetically 

coupled electric circuits, was described. The (MCEM)-(RNM) 

hybrid model reduce computation time with accuracy results, 

and take into account various geometry, the materials 

properties under multiple supply voltages. Therefore, the tool 

developed can be used in the optimal design of 

electromagnetic devices and also in the diagnosis area.   
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        Fig 1. Photo of a Double  
           Stator Induction Machine 

 

        Fig 2. Scheme of SEDSIG 
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Abstract— This work is dedicated to the analytical 

modeling and simulation of a self-excited double-stator induction 

generator (SEDSIG). Based on the electrical and magnetic 

equations a model of the (SEDSIG) is developed under 

Matalb/Simulink environment.  

It is well known that in the self-excited induction 

machine, the linear model is divergent and saturation must be 

taken into account. In this paper the magnetic saturation is taken 

into account by considering the magnetizing inductance as a 

function of the magnetizing current. For this purpose, an 

experimental test bench was set up in our laboratory and the 

obtained variation curve of the magnetizing inductance as a 

function of the magnetizing current is approximated by a 

polynomial function.  

Simulation results are presented and discussed.  

Keywords— Analytical Modelingt, Self-excited Double Stator 

Induction Generator, Simulation, magnetic saturation). 

I. INTRODUCTION 

Wind energy is important because it is a clean and 

renewable resource that can be used to generate electricity. It 

helps reduce environmental pollution and dependence on 

fossil fuels.  

A double stator induction generator (DSIG) offers other 

advantages over the traditional three-phase induction 

generator, such as power segmentation, rotor losses 

minimization, torque ripples and current harmonic reduction 

[1]. 

Several studies deal with the modelling of the dual 

stator induction generator. A detailed dynamic, steady state 

modeling and experimental analysis of a self-excited six phase 

induction generator have been discussed in [2,3]. In these 

works, shunt and series capacitors are utilized for excitation 

and voltage regulation. Analysis of an off-grid self-excited 

dual wound rotor asynchronous generator for wind power 

generation is presented in [4]. [5] focuses on the working 

modes of a multiphase induction machine, determining the 

static performance of the self-excited generator at no and 

under load conditions. In [6] complex vector modelling 

technique is utilized to develop and simulate a dual stator 

winding induction machine with squirrel-cage rotor. 

In the literature, a variety of methods for modelling the 

double-stator induction machine has been proposed by several 

authors, in which they have taken into consideration the 

influence of the mutual leakage inductance between the two 

stators [7,8].  

This work is dedicated to the modeling of the SEDSIG 

under Matalb/Simulink environment taking into account the 

saturation effect by means of a variable magnetic inductance 

as a function of the magnetic current. 

The paper is organized as follows: Section II: Description 

and modeling of the (SEDSIG), Section III: Simulation 

results, Section IV: conclusion. 
 

II. DESCRIPTION AND MODELING OF SELF EXCITED 

DOUBLE STATOR INDUCTION GENERATOR  
 

The machine studied is a 1.1 kW squirrel-cage induction 

machine manufactured by the "Electro-Insudstries" company 

located in Azazga. The Fig. 1 gives the photo of this machine, 

the rotor is the classical squirrel cage type and two three phase 

windings are located in the stator.  The scheme of the self- 

excited double stator induction generator with capacitors 

banks connected to the stators is shown in Fig.2. 
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Fig 5. Evolution of stators voltages for N=1425 rpm and C1= C2=18F 
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Fig 6. Evolution of stators currents for N=1425 rpm and C1= C2=18F 
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Voltage and flux equations characterizing the (SEDSIG) 

model in an arbitrary reference frame are given by: 

Stator 1  

ds1 s1
s1 qs1ds1 ds1

qs1 s1
qs1 s1 qs1 ds1

dφ dθ
v =R .i -

dt dt

dφ dθ
v =R .i +

dt dt

+ .φ

+ .φ
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Stator 2 
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Rotor        
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The electromagnetic torque equation is given by: 

m
em qs1 qs2 ds1 ds2

r m
qrdr

L
C =p (i +i ) -(i +i )

L +L
j j 

  
              (7)   

The self-excitation of the two stator windings is described by 

the following equations: 
ddv 1θds1 s1 ddv 1θds2 s2=v . - .iqs1 ds1 =v . - .iqs2 ds2dt dt C dt dt C1 2

dv dvd 1qs1 dθ 1qs2 θs1 s2=-v . - .i =-v . - .iqs1ds1 ds2 qs2dt dt C dt dt C21

 
 
 
 
 
 

 (8)                                      

III. SIMULATION RESULTS AND DISCUSSION  

The simulation results of the linear model and the saturated 

one are respectively presented in figures (3,4) and (5,6). 
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IV. CONCLUSION 

In this paper, an analytical model of self-excited 

double-stator induction generator (SEDSIG) is developed and 

implemented in Matlab/Simulink environment. The obtained 

results showed that the linear model is divergent. The 

consideration of the magnetic saturation is then obligatory. 

This is the most important characteristic of the self-excited 

induction generator, since it is the saturation itself wich sets 

the operating point.   
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Fig 3. Stator 1 Stator 2 voltages evolution 
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Abstract-  This research presents an enhanced analysis of the 

Jiles-Atherton model, particularly under harmonic excitation. It 

emphasizes the anhysteretic magnetization’s dependence on two 

primary parameters: the mean field parameter (α) and the 

shape parameter (a). The study introduces a novel 

representation for these parameters to correct the non-physical 

depiction of asymmetrical minor hysteresis loops in the original 

model. These parameters are redefined through functions 

linked to the major loop’s reversible and saturation induction. 

An optimization process is employed to align the model with 

empirical data, ensuring minor loops are accurately represented 

using the new parameters, with validation showing a strong 

correlation between simulation and measurements. 

Keywords— Jiles-Atherton model, Harmonics, Optimization, 

Anhysteretic magnetization, Asymmetrical minor loops. 

I. INTRODUCTION  

The J-A model is a famous model in the literature for 

describing hysteresis phenomena, and its usefulness has been 

validated in different conditions [1]. This study addresses a 

solution to a problem frequently referenced by researchers, 

particularly in relation to the J-A model's asymmetrical minor 

hysteresis loops [2–7]. The J-A model does not provide an 

adequate response if the waveform of the magnetic flux 

density (B) is non-sinusoidal, as opposed to its response when 

B is entirely sinusoidal. This results in a non-physical 

behavior where the asymmetrical minor hysteresis loop does 

not close [3, 4]. Several researchers have proposed 

adjustments to the J-A model to address this difficulty. For 

instance, researchers suggested modifying the four parameters 

of the model (a, α, c, and k) to improve the asymmetrical 

minor loops [3]. Another proposed adjustment of the 

parameters ‘c’ and ‘k’ based on the variation of the magnetic 

field yields acceptable results [4]. A further proposal involved 

adding a new multiplier to the irreversible magnetization 

(Mirr), effectively limiting the rate of variation of the 

irreversible magnetization. This limitation is achieved by 

introducing a parameter R, which is also linked to losses and 

associated with the irreversible component [7]. The J-A model 

primarily depends on anhysteretic magnetization [1]. The 

physical solution to this phenomenon involves altering the 

anhysteretic magnetization to improve the model's response. 

Given that the handiest way to modify the anhysteretic 

magnetization is by modifying its coefficients (a, α, and Ms), 

and considering that the saturation magnetization (Ms) is 

constant, only two parameters (a, α) want to be evaluated for 

the minor loops because of their direct dating with 

anhysteretic magnetization. 

II. THE MODIFIED INVERSE JILES – ATHERTON MODEL  

The following equation describes the inverse Jiles-Atherton 

hysteresis model (IJ-A) [10]:  
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The Anhysteretic magnetizations [8, 9] is given by  
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In the current study, we conducted calculations using non-

oriented magnetic sheets composed of 3% Fe-Si, featuring 

laminations with a thickness of 0.5 mm. The experimental 

results were obtained by utilizing an Epstein frame [4, 5]. The 

calculations were performed using the IJ-A model, and the 

five model parameters (Table I) were obtained through an 

optimization procedure. 

TABLE I.  PARAMETERS OF THE MODEL UNDER SINUSOIDAL WAVE-
FORM FLUX DENSITY  

Value Parameters of model 

1. 48106 Ms.  (A/m) 

71.33 a     (A/m) 

65.5 k     (A/m) 

1. 4710-4 α 

0.316 c 
 

It is important to note that the measured data was removed 

from the reference [5] using the program MATLAB® called 

GRABIT. The simulation of the major hysteresis loop aligns 

well with the actual measurements. However, the minor loops 

do not match the measured ones in Fig 1 and lack physical 

significance. The introduction of third and fifth harmonics in 

the flux density waveform produces four asymmetrical minor 

loops on the major loop, with two on the edges and two in the 

middle, detailed in the next figure. 



 
Fig. 1 Modeled and measured hysteresis loops with the original J-A 

model under the waveform of flux density with harmonics 

III. ASYMMETRICAL MINOR HYSTERESIS 

LOOPS MODEL   

In the study of asymmetrical minor hysteresis loops, the 

primary parameters that affect these loops are 'a' and ‘α’. This 

research achieves a modification of the anhysteretic 

magnetization by adjusting these parameters. They are 

connected to the major loop parameters, and the relationship 

involves calculating the ratio of the reverse flux density Brev 

for the minor loop to the saturation flux density Bsat of the 

major hysteresis loop.  
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Parameters amin and αmin pertain to minor loops, a𝒎𝒂𝒋 and 
α𝒎𝒂𝒋 to major loops. Coefficients γ and β result from 

optimization process, Table 2. 

TABLE II.  THE OPTIMIZED COEFFICIENTS.  

Parameters In 3rd harmonic In 5th harmonic 

                 0.6 -0.76 

      - 0.15 -0.73 

Fig.2 Modeled and measured hysteresis loops with the modified J-A model 
under the waveform of flux density with harmonics  

           In the Fig 2, we observe that the minor loops are fully 

closed. By employing just two Eq (4), our modeled hysteresis 

loop effectively simulates the measured loops both inside and 

outside the asymmetrical minor hysteresis loops. Notably, 

this new model remains robust even in scenarios involving 

harmonics in the excitation 

CONCLUSION 

In this study, we propose a precise assessment 

method for asymmetrical hysteresis minor loops by 

manipulating the anhysteretic magnetization parameters. The 

fundamental concept hinges on recalibrating these 

parameters using novel expressions, which take into account 

the ratio between saturation flux density and reverse flux 

density. Specifically, this adjustment is selectively applied to 

the ascending and descending branches of the asymmetrical 

minor hysteresis loops, while maintaining consistency with 

the parameters of the major loop beyond these minor loops. 

Our results demonstrate remarkable agreement with 

measured data, validating the efficacy of our modified model. 

By refining our understanding of hysteresis behavior, this 

approach contributes to the broader field of magnetic 

materials research. 
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Abstract— The information transport across the ferromagnetic 

interface in the solid medium can be determined by knowing the 

behavior of spin waves. For modelling, we consider a model 

system resulting from the juxtaposition of two cubic structures with 

different mesh sizes. We study the magnetic interface sc/bcc 

(simple cubic/body centered cubic) and its inverse bcc/sc. 

The magnetic transport and diffusion phenomena of spin waves 

across the interface, which are the magnetic excitations that 

collectively propagate through the interface, are the subject of our 

analysis. The transmission and reflection coefficients of the 

magnon are calculated as the elements of a Landauer-type 

scattering matrix, using the matching method. The numerical 

simulations are carried out specifically for three different cases of 

magnetic exchange on the interface's own domain. The influence of 

softening, homogeneity and hardening of the magnetic coupling in 

this domain on the magnonic transmittance across the sc/bcc and 

bcc/sc interfaces has been observed. 

Keywords—Spin waves, Magnonic transmittance, ferromagnetic 

interface 

I. INTRODUCTION  

    Information and communication technology continues to 

revolutionize the world. Relying on electronic devices made 

from semi-conductors that use electric charge current to 

operate. Spintronic devices, on the other hand, rely on the 

concepts of spin current for information processing and 

storage. These devices suffer from the phenomenon of 

multiple electron diffusion, which means that the electronic 

spins are not systematically conserved. Magnonic devices, 

also known as spin wave devices (SWDs), are therefore been 

identified as an alternative to these technologies. They work 

with the concept of magnetic spin transport. The great 

advantage of using SWDs to transport and process 

information lies in the exploitation of their magnetic 

properties. In fact, their operation is based on the use of 

collective spin oscillations (Spin Waves), which enable them 

to limit electronic scattering processes due to collisions 

between electrons, impurities and structural defects on the 

one hand, and to reduce leakage currents due to quantum 

phenomena on the other. They are very good competitors to 

CMOS (Complementary Metal Oxide Semiconductor) 

technologies [1]. They have the ability to achieve long spin 

diffusion wavelengths, opening the way for research into 

fully reprogrammable logic devices. However, scientists are 

increasingly focusing on miniaturizing electronic 

components by synthesizing thin films and multilayers in 

ultra-high vacuum. The physical, electrical and magnetic 

properties of these nano-scale structures differ from those of 

conventionally sized materials. The difference lies at the 

interfaces [2], where interesting physical phenomena occur 

[3], such as the appearance of Fano resonances in the 

transmittance spectra of spin waves. Selective transmission 

of information as a function of the propagation frequency of 

these waves is then  observed and can be controlled and 

directed as required, simply by controlling the way in which 

the nanostructures are assembled. In this communication, 

we propose to study information transmission by calculating 

the transmission and reflection coefficients of spin waves 

propagating in magnonic devices, with interfaces connecting 

ferromagnetic cubic structures with different meshes. 

II. MODEL DESCRIPTION 

We have simulated and analyzed the information 
transport through the phenomenon of spin wave scattering 
across the ferromagnetic interface. To model an interface, we 
consider the juxtaposition of two semi-infinite subsystems A 
and B, of cubic crystallization and ferromagnetic order. The 
lattice parameters of the two crystals are assumed to be very 
close (𝑎𝐴 = 𝑎𝐵 = 𝑎) and all spin moments, in the ground 
state, have the same orientation and the same absolute value 
𝑆 on each atom of the two sub-lattices. The system analyzed 
is free from any type of interaction with its environment. 
Note that the incident spin wave follows the [100] direction. 
As we will see, the direction of incidence plays a major role 
in scattering and localization phenomena so it is important to 
consider the direction of incidence when crossing the mesh. 
This leads us to consider the sc/bcc and bcc/sc interfaces 
differently. 

III.  INFORMATION TRANSPORT THROUGH THE 

FERROMAGNETIC INTERFACE  

A. Propagation of Spin Waves in Perfect Cubic Structure 

The precessional motion of a spin vector, located on an 
atomic site of a perfect system bcc or sc (before and after of 
the interface region) is described by the Heisenberg 
Hamiltonian [4], which describes all the interactions between 
the spin vectors. It is given by: 

𝐻 = −2∑ 𝐽𝑝�́�. 𝑆𝑝
⃗⃗⃗⃗ . 𝑆�́�

⃗⃗⃗⃗ 
𝑝≠�̇�     (1) 

where 𝑆𝑝
⃗⃗⃗⃗ (𝑆�́�

⃗⃗⃗⃗ ) are spin vectors located in 𝑝(�́�) sites. The 

magnetic exchange constant 𝐽𝑝�́�  couples adjacent sites 𝑝(�́�) 

of the system. The exchange constants between spins in the 
bcc structure are denoted by 𝐽𝐵, those in the sc structure are 
denoted by 𝐽𝐴 and those between the two contacting layers 
(at the interface) are denoted by  𝐽𝑑 . Using the matching 
method [5], the precessional motion equations of spins that 
are far from the interface zone can be put into the matrix 
form as an eigenvalue problem: 

[𝛺𝐼 − 𝐷𝑣(𝜑𝑥 , 𝜑𝑦 , 𝜉)] |𝐶 >= 0   (2) 

Where 𝛺  is the dimensionless normalized frequency, 𝐷𝑣  is 
called the matrix dynamic of the perfect lattice, 𝜑𝑥, 𝜑𝑦 and 𝜉 
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are the phase factors in the Ox, Oy and Oz directions 
respectively. I denotes the identity matrix and |𝐶 > are the 
spin vectors. The propagating and evanescent spin modes are 
described by the doublet { 𝜉 , 𝜉−1  }. The curve giving the 
group velocity at which the wave packet moves from the sc 
system to the bcc system is shown in Fig. 1(a) and from the 
bcc system to the sc system in Fig. 1(b). The velocity is non-
zero over the frequency interval [0, 7.2], corresponding to 
the displacement range of the propagating modes of the sc 
perfect system, and [0, 16], for the bcc perfect system. 

B. Spin Waves Scattering Across the Ferromagnetic 

Interface 

     To describe the magnonic diffusion, we use all the 
solutions of the system corresponding to |𝜉| ≤ 1 . These 
solutions are obtained by Gagel's method [6], which consists 
in linearizing the equations of motion by increasing the 
eigenvector basis of the original system. A magnon incident 
on the ferromagnetic interface zone scatters into two parts: 
one transmitted and the other reflected. The precessional 
fields generated can be expressed as a combination of the 
eigenmodes of the semi-infinite system. We have the 
following expressions: 

𝑟 = 𝑟𝜈�̅� =
 𝑉𝑔𝜈

 𝑉𝑔�̅�

|𝑅𝜈�̅�|
2    (3) 

𝑡 = 𝑡𝜈�̅� =
 𝑉𝑔𝜈

 𝑉𝑔�̅�

|𝑇𝜈�̅�|
2    (4) 

𝑟𝜈�̅�  and 𝑡𝜈�̅�  are the reflection and transmission coefficients 
previously normalized by the group velocities (𝑉𝑔𝜈

,  𝑉𝑔�̅�
) of 

the plane wave, 𝜈  is the propagating mode, and �̅�  is the 
incident mode. 𝑅𝜈�̅� and 𝑇𝜈�̅� are respectively the probabilities 
of the magnon reflection and transmission respectively.  

By isolating the terms describing the wave incident on the 
spins of the two lattices bcc and sc at the boundaries (before 
and after the interface) using relation (2), the system of linear 
and inhomogeneous equations takes the matrix form [2]: 

[𝐷(𝐽𝑑 , 𝐽𝐴, 𝐽𝐵 , 𝜑𝑥, 𝜑𝑦 , 𝜉)][𝐷𝑅]𝑋 =

                                              −𝐷(𝐽𝑑 , 𝐽𝐴, 𝐽𝐵 , 𝜑𝑥, 𝜑𝑦 , 𝜉). �⃗� 𝑖𝑛  (5) 

𝐷  is the dynamic matrix of the domain containing the 

interface, [DR] is the matching matrix, �⃗� 𝑖𝑛  is the incident 

vector and 𝑋   is a vector that groups together the unknown 
variables of the interface lattices. 

To solve the system of equations (5), we use the matching 
method [5]. We can determine the transported information 
by magnon mode for any incident energy [7]. 

Numerical results for magnon scattering across the sc/bcc 
and bcc/sc interface for the possibilities of exchange integral 
values are shown in Fig. 2, taking into account only first-
near-neighbor interactions. In each case Jd = (JA+JB)/2. Case 
(a) refers to softening interactions with  𝐽𝑑 = 0.9, case (b) 
refers to homogeneity interactions with 𝐽𝑑 = 1.0 and case (c) 
refers to hardening interactions with  𝐽𝑑 = 1.1.   

Note that any scattering of the wave across the interface 

joining the sc lattice to the bcc lattice, is felt by a large 

narrowing of the scattering range of the signal (𝛺 ∈ [0, 4] 
instead of the interval [0, 7.2]). In addition, we see the 

appearance of resonance peaks as the signal propagates from 

bcc to sc (see Fig 1. Magnonic Transmittance). Note that 

these resonances do not exist when the spin wave travels in 

the opposite direction through the interface. This point plays 

an important role and depends on the subsystem in which 

the wave is incident. 

In conclusion, the two models that allow the simulation of 

coherent diffusion and the magnonic transport across the 

interface between the sc and bcc structures can be used to 

amplify or filter certain spin bands. Our analysis can be 

applied to the study of magnetic interface properties in 

multilayer systems. The transmission spectra also 

demonstrate the role of crystallization on the dynamics of 

the nano-junction zone. It can also serve as a model for the 

study of other magnetic materials constructed in the same 

way as the system under study. 

 

Fig .1. Group Velocity of sc (a) and bcc (b) perfect systems 

and Magnonic Transmittance 

 

Fig 2. Transmission and reflection spectrum. 
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Résumé— L'objectif de ce travail est de présenter une 

méthode basée sur la méthode des éléments finis pour prendre 

en compte la non-linéarité des matériaux ferromagnétiques 

lors de l'analyse en contrôles non destructifs par courants de 

Foucault. L'étude du problème a été réalisée en exploitant un 

programme de calcul par éléments finis mis en œuvre sous 

environnement Matlab pour la résolution de l’équation 

magnétodynamique 2D. Un modèle analytique décrivant le 

comportement non linéaire de l'aimantation M(H) d'un acier 

ferromagnétique a été intégré. Les résultats de la simulation 

numérique obtenus sont comparés aux résultats issus de 

l’expérimentation. 

Mots-clés -- Contrôle non destructif, Courants de Foucault, 

Non-linéarité, Acier ferromagnétique. 

I. INTRODUCTION  

Dans la littérature scientifique, la plupart des modèles 
physiques régissant les problèmes de contrôle non destructifs 
(CND) par courants de Foucault (EC) des matériaux 
magnétiques considèrent la théorie linéaire de 
l'électromagnétisme (perméabilité magnétique relative 
constante). Cependant, les problèmes d'inspections réels 
impliquent souvent des comportements non linéaires, dans le 
cas d'un échantillon de pièce en aciers ferromagnétiques où 
les signaux de contrôle non destructif par courants de 
Foucault présentent inévitablement des réponses non 
linéaires [1].  

Il est bien connu que les signaux d'impédance collectés 
par les instruments à courants de Foucault (EC) présentent 
des comportements non linéaires lorsqu'ils sont appliqués à 
des échantillons ferromagnétiques. La manifestation la plus 
courante de la non-linéarité est que le signal d'impédance 
devient dépendant de l'intensité du champ magnétique 
d'excitation (Hexc). Un échantillon ferromagnétique peut 
transformer l'impédance (Z) en une quantité dépendante de la 
densité de courant (Js) grâce à sa réponse non linéaire au 
champ d'excitation (𝐻exc) [2, 3]. 

C'est pourquoi il est nécessaire de prendre en compte 
cette caractéristique afin de décrire de manière adéquate ces 
phénomènes. 

II. MODÉLE ANALYTIQUE DE L’AIMANTATION 

Pour prendre en compte la non-linéarité, un modèle 

analytique décrivant le comportement non-linéaire de 

l'aimantation M(H) d'une tôle ferromagnétique est utilisé 

afin d'evaluer la perméabilite magnétique variable [4] : 

𝑀(𝐻𝑒𝑥𝑐) = 𝐻𝑒𝑥𝑐 + 𝐶1 ∗ 𝑎𝑟𝑐𝑡𝑔(𝐶2 ∗ 𝐻𝑒𝑥𝑐)                        (1) 

𝐶1 =
2

𝜋
𝑀𝑠𝑎𝑡                                                                          (2) 

𝐶2 =
𝜇𝑟𝑖−1

𝐶1
                                                                        (3) 

𝐻𝑒𝑥𝑐 ,𝜇0, 𝑀𝑠𝑎𝑡𝑒𝑡𝜇𝑟𝑖 , représentent respectivement le champ 

magnétique d’excitation, la perméabilité magnétique du 

vide, l’aimantation à saturation et la perméabilité 

magnétique relative initiale. 
Les valeurs du champ magnétique d'excitation (Hexc) sont 

issues de l'expérience pour un acier ferromagnétique (AISI 

430) et sont données par la figure ci-dessous. 

 

Fig. 1. Courbe M(H) de l'acier ferromagnétique AISI430. 

Si l'état initial du matériau est démagnétisé, la loi de 

comportement M(Hexc) décrira la courbe de première 

aimantation au fur et à mesure que le champ Hexc augmente. 

On remarque qu'au-delà d'un certain champ d'excitation, 

l'aimantation varie très peu et tend asymptotiquement vers 

une valeur d'aimantation à saturation Msat. 

Pour valider le modèle analytique décrivant le 

comportement non linéaire de l’aimantation M(H) de l’acier 

ferromagnétique AISI430, les résultats du modèle 

analytique sont comparés aux données expérimentales et 

sont montrés sur la figure-2. 

 

Fig. 2. Courbe 𝜇𝑟(H) de l'acier ferromagnétique AISI430. 
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III. APPROCHE ET RESULTATS  

L’équation aux dérivées partielles (EDP) qui décrit les 
phénomènes électromagnétiques des dispositifs  CND-CF est 
obtenue à partir de la combinaison des équations de Maxwell 
et des relations du milieu, en terme du potentiel vecteur 
magnétique 𝐴𝑧, sous la forme harmonique suivante: 

−
𝜕

𝜕𝑥
(

1

𝜇(𝐻)

𝜕𝐴𝑧

𝜕𝑥
) −

𝜕

𝜕𝑦
(

1

𝜇(𝐻)

𝜕𝐴𝑧

𝜕𝑦
) + 𝑗𝜎𝜔𝐴𝑧 = 𝐽𝑠𝑧(𝐻𝑒𝑥𝑐)     (4) 

Jsz est la densité de courant d’excitation, 𝜎 est la conductivité 
électrique et 𝜇(𝐻) est la perméabilité magnétique variable. 

 La résolution de (4) fait intervenir les relations : 

𝐵(𝐻𝑒𝑥𝑐) = 𝜇0 ∗ (𝐻𝑒𝑥𝑐 + 𝑀(𝐻𝑒𝑥𝑐))                              (5) 

�⃗� = 𝑟𝑜𝑡⃗⃗⃗⃗⃗⃗  𝐴                                                    (6)                         

Dans le cas de matériaux ferromagnétiques, à forte 
aimantation, la courbe B(Hexc) est non linéaire. Dans ce 
travail cette non-linéarité est prise en compte par un 
processus itératif dans lequel: partant d'une valeur initiale du 
champ magnétique d'excitation (Hexc) puis le processus 
itératif  est exécuté jusqu'à ce que le système converge. 

L'algorithme de résolution utilisé peut être résumé 
comme suit : 

1- Calcul de la perméabilité magnétique relative à partir 
d'un modèle analytique de calcul de l’aimantation issu de la 
littérature Eq (1). 

2- Injecter cette perméabilité magnétique relative dans le 
code de calcul par éléments finis Eq (4). 

3- Déduire le champ magnétique HEF en utilisant la 
relation du milieu. 

4- Teste du champ (Hexc) initial injecté dans le modèle 
avec le champ (HEF) calculé jusqu' à convergence. 

5- Calcul de l’impédance pour chaque valeur du champ 
d’excitation (Hexc) avec les relations suivantes [1]: 

𝑅𝑒(𝑍) = −
𝑁2𝜔

𝐽𝑠𝑧(𝐻𝑒𝑥𝑐)𝑆
2 ∬ 2𝜋𝑟𝐼𝑚 (𝐴) 𝑑𝑠

.

𝑠
                (7) 

𝐼𝑚(𝑍) =
𝑁2𝜔

𝐽𝑠𝑧(𝐻𝑒𝑥𝑐)𝑆
2 ∬ 2𝜋𝑟𝑅𝑒 (𝐴) 𝑑𝑠

.

𝑠
                    (8) 

Le calcul de l’impédance est effectué en considérant  un 
courant de 8 mA et une fréquence f=600 Hz [1]. 

 

 La figure-3, montre la variation de l’impédance de la 

bobine pour plusieurs emplacement. On constate que pour 

chaque position, l’impédance suit le comportement de la 

courbe de 𝜇𝑟(𝐻). 

 

FIg.4 Variation de la profondeur de pénétration en fonction de la 

perméabilité magnétique relative. 

 Le graphique ci-dessus montre l'effet de la fréquence sur 
la profondeur de pénétration dans un acier ferromagnétique. 
Pour des perméabilités magnétiques relatives importantes, la 
fréquence doit être faible pour garantir une certaine 
profondeur de pénétration ce qui constitue un résultat 
conforme au données de la littérature scientifique.  Par 
conséquent, la validité du modèle éléments finis associes a 
un modèle non linéaire de perméabilité magnétique se trouve 
renforcée.   

CONCLUSION 

 Dans ce travail, une solution numérique aux problèmes 
de calcul de l’impédance en hypothèse non linéaire a été 
proposée. Le comportement de l’impédance observé montre 
explicitement que l’impédance de la bobine varie en fonction 
de l’intensité du courant d’excitation. Ces résultats pourront 
être exploités dans la conception de dispositifs CND pour 
l'inspection et la détection de défauts dans les matériaux non-
linaires.  
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Abstract— Theoretical approach is used to understand and predict 

the impact of an external magnetic field on spin waves in periodic 

multilayers made of alternating three atomic plans transition 

metals and three atomic plans rare earth material. The magnetic 

field is perpendicular to the layers. The matrix dynamics and the 

dispersion relations of this system is obtained used the Heisenberg 

Hamiltonian. 

Keywords— spin waves, ferromagnetic multilayers, external 

magnetic field. 

  

I. INTRODUCTION  

Recently, many experimental and theoretical studies are 
interested to propreties of magnetic multilayers [1-3]. The 
reasons for this are due to their potential application in 
industry and their new properties, which appear, like the 
effect of interfaces. The new periodicity introduces band 
gaps in the dispersion relations for fundamental excitations 
in the material, as presence of an anisotropy field which can 
direct the spins perpendicular to the layers [4-5]. Collective 
features are also observed in magnetic excitations. Even in 
diapers magnetic and non-magnetic systems, this allows their 
applications in the field of sensors and information storage. 
The propagation of spin waves in solid matter is the main 
property, which forms the basis of the various uses and 
technological applications of magnetic multilayers. The 
presence of interfaces in this type of materials can have a 
significant effect on spin dynamics[6-7]. Therefore, 
knowledge of their atomic scale and their impact is necessary 
to understand their fundamental properties and propose ways 
to control their magnetic behavior for device applications in 
different fields. In this work, we study the magnetic 
properties in multilayers, of the TM/RE type. In particular, 
we analyze the influence of the magnetic field on the spin 
waves scattering in a ferromagnetic material consisting of 
three atomic planes of Iron and three atomic planes of 
Dysprosium. 

 

II. STRUCTURAL MODEL 

 A typical 2D cross section of the structural model 
considered in this paper is shown in Fig. 1. The system 
studied is periodic multilayers made of alternating of three 
atomic planes of Iron and three atomic planes of 
Dysprosium. The magnetic field is perpendicular to the 
layers. The exchange interactions in each layer are between 
atoms of the same chemical nature (JFeFe= 6.1 eV  [8] and 
JDyDy=7.5 eV [9]).  The magnetic exchange interaction JFeDy 
is taken as the arithmetic mean of the values JFeFe and JDyDy 
JFeDy = (JFeFe+ JDyDy)/2 . 

 

 

 

 

 

 

 

 

 

 

III. THEORETICAL APPROACH 

 For ferromagnetic Heisenberg exchange interactions 

between nearest neighbors and the Zeeman energy of the 

spins in an external field, the Hamiltonian of the ground 

state is given by the following expression 

 

𝐻 = 𝐻𝑒𝑥 + 𝐻𝑍𝑒𝑒𝑚𝑎𝑛      (1)                 

The first term is the exchange energy between nearest 
neighbors i and j given by 

𝐻𝑒𝑥 = −
1

2
∑ 𝐽𝑖𝑗𝑆𝑖𝑆𝑗𝑖,𝑗       (2) 

the second term is the energy of the individual spins in the 

presence of a magnetic field is given by

  

𝐻𝑍𝑒𝑒𝑚𝑎𝑛 = 𝑔𝜇𝐵 ∑ 𝑆𝑖𝑖 𝐻0      (3) 

 where 𝑆𝑖 ,  𝑆𝑗 are the spin vectors, 𝐽𝑖𝑗 is the exchange integral 

between magnetically nearest neighbor sites i and j , 𝑔 is the 

Landé factor, 𝜇𝐵 is the Bohr magneton and 𝐻0 the external 

applied field.  

The equation (1) allowed to write the spin dynamics of the 

six atomic sites Fe and Dy that constitute the cell unit.  

We obtain six equations which may be cast in the matrix 

form   
[Ω𝐼 − 𝐷()]/𝑢 > = 0/𝑢 >    (4) 

Where I is the identity matrix and |𝑢 > denotes the vector of 

spins amplitudes along the principal axes in a unit cell and 

D is the dynamical matrix.   eix, eiy and eiz are the 

Bloch phase factors along the principal axes, between 

neighboring sites.  = qa  is the normalized wave vector 

in the -direction.  = /0 is a dimensionless frequency. 

 
Fig. 1: A schematic representation of multilayer model system 

Fe/Dy 
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The  is the frequency of spin lattice precession and 0 is 

the characteristic frequency.  

The resolution of Eq. (4) determines the eigenfrequencies Ω 

as well as the corresponding eigenvectors |𝑢 >  of the 

system. To illustrate the model, we have presented the 

dispersion curves (x), in Fig. 2, as a function of the 

normalized wavevector x, where qx runs in the interval 

[−5π/a, +5π/a],  a is the lattice parameter.  

IV.  NUMERICAL APPLICATIONS AND DISCUSSIONS  

 The dispersion branches for the spin waves in the 
multilayer system Fe/Dy are represented, in Fig. 2. They are 

plotted over the interval of x  [−5π/a, +5π/a] for two 
possibilities of H0 : Fig.2.(a) corresponds to H0 = 0 and 
Fig.2.(b)  to H0 ≠ 0. 

 

 

 

 

 

 

 

 

 

 

 

 We obtained six spin branches, there is just one 

acoustical mode in Fig. 2.(a), it is characterized by a 

limiting behavior, tending to zero frequency when qx tends 

to zero; but for the others spin modes are optical modes, 

with branches that differ from zero in the long wavelength 

limit.  

When we apply an external electric field, the spin modes 
shift towards high energies. This is very well shown in 
Fig.2.b. 

The spin waves could be used in quantum technology, as 
ultra-precise sensors and in the development of quantum 
computers. 
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Fig.2: Spin waves dispersion modes in a  ferromagnetic multilayer , made 

of alternate of three layers of Fe and Dy : (a) for H0 = 0 and  (b) for H0 ≠ 0 
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Abstract—This study presents a 2D simulation of a DC 

induction heater designed for aluminum billets. The heater 

utilizes an iron core to concentrate the magnetic field in the 

air gap generated by DC flowing through copper windings. 

The aluminum billet is positioned within the air gap of the 

core and rotated by a motor (1450 rpm) to achieve uniform 

heating. The simulation investigates the behavior of the heater 

under various operating conditions, analyzing the resulting 

heating processes. 

Keywords— DC induction heating, iron core, aluminum 

billet, copper windings, magnetic field, rotation speed, 

temperature distribution, COMSOL Multiphysics. 

I. INTRODUCTION  

Induction heating is gaining significant traction across 
various industrial applications, including heat treatment and 
assembly processes. When a stationary conductor is placed 
within a rapidly changing magnetic field, eddy currents are 
induced within the conductor. These eddy currents generate 
heat due to Joule heating [1]. 

Induction heating isn't limited to stationary conductors; 
moving a conductor through a static magnetic field also 
effectively induces eddy currents and resulting heating [2]. 

A laboratory-scale DC induction heater with iron yoke 
for aluminum billet was designed and tested by J. Yang in 
China in 2014 [3]. A novel DC induction heater prototype 
with movable iron blocks was fabricated to validate the 
feasibility of the adjustable air gap method by J. Ma in 
China in 2016 [4]. 

In this study, 2D numerical model was built using 
COMSOL Multiphysics to analyze the temperature 
distribution. The results obtained from the simulation 
verified that magnetic field density, rotation speed and 
heating time are significant parameters affecting the 
temperature distribution. 2D simulations are simpler and 
less complex, making them faster and easier to run. 

II. INDUCTION HEATER MODEL 

A. Design of DC induction heater 

The model consists of a DC power supply, C-shape iron 
core, copper windings, aluminum billet end electrical motor. 
The billet to be heated is placed in the air gap of the iron 
core and is driven by the motor. The magnetic field in the 

 

Fig. 1. DC induction heater topology. 

gap is guided by an iron core, which is responsible for 

heating the billet and it is generated using copper windings.  

Copper windings consist of 6 coils which is wound by 

70 turns of each coil, all of them are in parallel connections 

they are wound on the bottom of the iron yoke, as shown in 

fig. 1. We assumed that all the coils are immersed in liquid 

nitrogen to handle high currents (I=200 A). 

III. NUMERICAL MODEL 

The numerical model of induction heating contains two 
models: electromagnetic model and thermal model. These 
two models are calculated by COMSOL Multiphysics. 

A. Electromagnetic Model 

The electromagnetic equation expressed as: 

∇⃗⃗ × H⃗⃗ − 𝜎𝜐 × B⃗⃗ = 𝐽                            (1) 

𝐽 = 𝜎�⃗�                                        (2) 
𝜐 = (𝑦 ∙ 𝜔,−𝑥 ∙ 𝜔, 0)                           (3) 

B, H, E, J and σ are respectively the magnetic flux density 
field intensity, electrical field, current density and 

conductivity �⃗� = 𝜇 �⃗⃗� . υ  and 𝜔  are the rotational and 
angular velocity of the billet, respectively.  

B. Thermal Model 

 Thermal model calculates heating power by calculating 
the induction resistance loss inside the billet as follows: 

𝑄 = 𝐽 .  𝐽/𝜎                                  (4) 

In order to calculate the heating process, the thermal model  

Aluminum 

billet 

Iron core 

Copper 

windings 

H 

W 

a 

b 
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TABLE I.  Geometrical Parameters of DC Induction Heater 

Symble Quantity Value 

H Hight of the iron core 560 (mm) 

W width of the iron core 500 (mm) 

a Hight of the air gap  80 (mm) 

b Width of the air gap  80 (mm) 

Rcw Copper wire radius  1.25 (mm) 

must be coupled with the electromagnetic one. 

𝜌∁𝑝
𝜕𝑇

𝜕𝑡
+ ∇ . (−𝑘∇𝑇) = 𝑄                     (5) 

where ρ, Cp and k are respectively, the density of billet (30 

mm of radius), heat capacity and thermal conductivity. 

IV. SIMULATION RESULTS AND DISCUSSIONS 

Figures 2 shows the distribution of the magnetic flux 
density. We observe that the maximum value is at the 
bottom of the iron core, then it reduces along its height. 

 

 

 

 

 

 

Fig. 2. Magnetic flux density distribution in the total topology. 

The two following figures illustrate the distribution of 
induction heating power density (3.a), temperature’s 
distribution (3.b) in the billet and magnetic flux density, 
fig.4. We observe that the magnetic field decreases as we 
move towards the center of the billet. 

 

                  (a)                                                                      (b) 

Fig. 3. Distribution of: Induction heating power density (a) and  

  temperature in the billet (t= 300 s) (b).  

Fig. 4. Magnetic flux density distribution in center of the billet. 

Figures 5 shows the location of the temperature calculation 

point (0,315). 

Fig. 5. Temperature Calculation Point. 

From figure 6, we observe that the temperature increases as 

the electric current value increases, and the temperature rise 

becomes more noticeable with longer heating times. 

Fig. 6. Temperature distribution on the billet surface; with four values 

of electrical current at different time 

VI.CONCLUSION 

       In this study, we present the results of a 2D simulation 

for a DC induction heater with an iron core used to heat 

aluminum billets. The temperature distribution within the 

billet depends on several parameters, including magnetic 

field density, electrical current, rotation speed and heating 

time. 2D model simulations require significantly less 

computational power and time to complete. 
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Abstract—Industries in the electronics sector grapple with 

challenges arising from elevated power densities and heightened 

heat generation in electronic devices. It underscores the 

significance of effective thermal management as a solution for 

maintaining peak performance and averting failures caused by 

thermal issues. 

The study focuses on forced convection flow through power 

supply with identical heat sink devices, exploring two cooling 

techniques: air piezoelectric fan and Al2O3 nano fluid. 

The finite volume method is employed to solve governing 

equations. In the first case, the effects of pulsation flow 

frequencies and temperature modulation frequency on heat 

transfer rates are investigated in detail. In the first case, for the 

piezoelectric fan, the study finds that the time-averaged Nusselt 

number for each electrical device depends on pulsation 

frequency and heat modulation, consistently exceeding that in 

steady-state conditions. Results indicate a specific band of 

frequencies where heat transfer enhancement surpasses 55%, 

with maximum efficiency observed at a certain pulsation 

frequency. The temperature of the heat sink and power 

pumping at different Reynolds numbers has been studied. The 

power loss is notably higher compared to steady-state 

conditions. The study validates numerical simulations with 

experimental results. 

In the second case, Al2O3 nano fluid is used to identify 

resonance heat transfer over heat sinks, occurring when 

external forcing frequency matches the natural frequency of the 

nanofluid flow. The results reveal instability at a critical 

Reynolds number for nano fluid Al2O3, with enhanced heat 

transfer rates in specific frequency bands. The enhanced heat 

transfer can reach 30-170% within a defined range of Strouhal 

numbers and corresponding frequencies. 

Keywords—forced convection, cooling, heat sink, piezeolectric 

fan, nanoflui Al2O3 

I. INTRODUCTION  

In many industrial applications, the heat flux is increased due 

to many complicated manufactured processes. In this case, 

many equipment and components has sensitivity of 

temperature variation during their function. In order to keep 

the functionality of component in their temperature level, it is 

important to transport the calories away from the hot spot 

locations. In electronic component the heat flux dissipation 

of CPU can achieved the 110-140 W, it increases 

significantly with input voltage and frequency [1]. Bar-

Cohen et al. [2] showed that the durability can be improved 

significantly by operating the device with reasonable 

temperature below than 85 °C. In addition, the reliability of 

silicon chips can decrease by 50 % for every 10 °C 

temperature rise. In addition to change in the architectural 

configuration of heat exchangers such as, chaps and 

roughness of surfaces in order to increase heat transfer rate, 

it is important to modify the physical characteristics of the 

fluid. Nano fluids particles dispersed in base fluid 

demonstrate a good heat transfer transport phenomena [3]. 

Nanofluids are engineered suspensions of nanometer-sized 

solid particles or nanoparticles in a base fluid, exhibiting 

extraordinary thermophysical properties compared to 

conventional cooling fluids. The combination of 

nanoparticles and base fluids results in an enhanced heat 

transfer coefficient and improved thermal conductivity, 

making nanofluids promising candidates for efficient 

cooling. Monireh Asadi Abchouyeh et al. [4] studied the heat 

transfer and nanofluid flow around four sinusoidal side 

obstacles in a horizontal channel using Latice Boltzman 

Method LBM. The effects of the Reynolds number and 

nanoparticles volume fraction at different nondimensional 

amplitudes of the wavy wall of the sinusoidal obstacles are 

studied. An increase of the Reynolds number leads to a rise 

of the temperature gradient on the walls of the channel. An 

increment of nanoparticles concentration results in the heat 

transfer enhancement. H.A. Mohammed et al. [5] presents 

laminar mixed convection flow of Al2O3/water nanofluids 

through two hot obstacles mounted on the bottom wall of 

horizontal channel. The effect on heat transfer of different 

parameters such as Richardson number, Rayleigh number, 

nanoparticles volume fraction and aspect ratios of obstacles 

are examined. Their results show the difference between 

average Nusselt numbers obtained from the three sets of 

thermophysical models does not exceed 3%. In addition, the 

increasing the nanofluid concentration from 0% to 5%, leads 

to increasing less than 10% of the average Nusselt number 

over the obstacles.  

Kafel A. Mohammed et al. [6] present a summary of 

experimental and numerical works of heat transfer 

enhancement through facing step and corrugated channels 

using conventional fluids and nano fluids. Laminar and 

turbulent flows regimes through facing step and corrugated 
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channels are presented. Their previous works show that good 

agreement between numerical and experimental studies to 

enhance heat transfer. The corrugated facing step channel is 

new design proposed to enhance heat transfer rate. The heat 

transfer enhancement was evaluated up to 60% when using 

nanofluid in the facing step channel configurations. 

Regression equations can correlate relationships between the 

Nusselt number and the flow parameters. The friction factor 

is important parameter to calculate the pressure drop through 

inlet and outlet of the corrugated channel and keep optimum 

heat transfer enhancement.  

Pishkar, B. Ghasemi et al. [7] presents a numerical study of 

laminar mixed convection in horizontal channel using pure 

water and Cu-water nanofluid over two blocks mounted on 

the bottom wall heated at a constant temperature. Different 

parameters are studied: Reynolds and Richardson numbers, 

the solid volume fraction, and the distance and the thermal 

conductivity of the blocks. The distance and the thermal 

conductivity of the blocks has significantly effect on the heat 

transfer rate. The influence of the solid volume fraction on 

the heat transfer is clearer at higher Reynolds number.  

Bouttout et al. [8] studied numerically the hydrodynamic 

amplification and thermal instabilities by imposing pulsation 

during forced convection of air-cooling of nine identical 

heated blocks mounted on a horizontal channel. The new 

feature of this work is that a narrowband of frequencies which 

the enhancement of heat transfer of all electronic components 

is in the range of 25%-55% compared with steady non 

pulsation flow is obtained. Good agreement between 

numerical simulations and experimental results available 

from literature is obtained. Recently, Bouttout et al. [9] 

investigated forced convection flow of air through power 

supply box with piezoelectric fan of nine identical electrical 

devices. The efficiency of piezoelectric fan is expressed by 

the maximum temperature of the ninth electrical device 

which not exceed 80 °c for time-averaged velocity of 0.556 

m/s and vibration frequency of 34.75 Hz of piezoelectric fan. 

the pressure drop and power pumping of piezoelectric fan are 

obtained for different Reynolds numbers. The power loss was 

4.6 times higher than for the piezoelectric fan at Re=500.  

Non-fluid cooling in various heat sink configurations and 

obstacles has been explored by numerous researchers [9], 

[10], [11]. However, limited attention has been given to 

unsteady modes and resonance heat transfer phenomena. 

The present work examines the combination of the two 

methods such as an active method using piezoelectric beam 

(pulsation of the fluid at the entrance of the channel) with a 

passive method (the addition of the nanoparticles-Al2O3 in 

the base fluid). We numerically simulate the exitance of large 

band of frequencies for which the heat transfer is maximal 

and proved the existence of resonance heat transfer using 

nonfluid. The Resonance heat transfer occurs when the 

frequency of an external forcing (pulsation or oscillation) 

matches the natural frequency of the nanofluid or the system. 

When this resonance condition is met, the nanofluid 

experiences significant energy transfer, leading to enhanced 

heat dissipation capabilities. 
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   Abstract— Vibration signals of rolling bearings are often 

non-stationary and non-linear, thus it is difficult to extract 

sensitive features using traditional signal processing methods. 

Therefore, a new method for diagnosing bearing faults, based 

on the Ensemble Empirical Mode Decomposition (EEMD), 

Sample Quantile Weighted Permutation Entropy (SQWPE), 

and Whale Optimization Algorithm Least Squares Support 

Vector Machine (WOA-LSSVM), was proposed. Firstly, 

EEMD is utilized to decompose the original bearing vibration 

signal into several Intrinsic Mode Functions (IMFs), and the 

Pearson correlation coefficient (PCC) is employed to select the 

IMFs that contain the main failure information. Secondly, the 

SQWPE is calculated for each selected IMF to construct the 

feature vectors. Finally, the obtained feature vectors are 

inputted into the WOA-LSSVM algorithm for training and 

classification. The effectiveness of the proposed method were 

verified using experimental data. 

Keywords—Fault diagnosis, rolling Bearing, EEMD, 

SQWPE, WOA, LSSVM 

I. INTRODUCTION  

Rolling bearings are among the essential components of 
rotating machines that play an essential role in modern 
industry. Its failure is one of the most common reasons for 
machine failure. According to many researches, more than 
44% of rotating machinery equipment failures are caused by 
bearing faults. Therefore, the fault diagnosis of rolling 
bearings has attracted great attention from research 
communities so as to avoid catastrophic failures and increase 
the reliability of industrial equipment [1] [2]. Rolling bearing 
failure diagnosis can be characterized in three steps: signal 
processing , feature extraction, and fault classification . 

To extract effective fault feature information from 
vibration signal data, various signal analysis algorithms are 
typically employed, including Wavelet Transform (WT) [3], 
Empirical Mode Decomposition (EMD) [4], Ensemble 
Empirical Mode Decomposition (EEMD), and Variational 
Mode Decomposition (VMD). Then, entropy-based feature 
extraction techniques, such as Sample Entropy (SE), 
Permutation Entropy (PE) [5], and Weighted Permutation 
Entropy (WPE), are commonly utilized in fault diagnosis 
applications. However, the above methods have some 
inherent disadvantages, for example, in Sample entropy It 
takes a long time to find the entropy values,  Thus, the loss of 
important information.  PE calculation often involves 
parameters such as embedding dimension and time delay, 
which need to be carefully chosen. Suboptimal parameter 
selection can lead to inaccurate results and affect the 
performance of the diagnostic model. Therefore, to address 
some of these shortcomings, in this study we proposed 
SQWPE to extract features. 

In this study, we employ  EEMD to analyze vibration 
signals, SQWPE for fault feature extraction, and the LSSVM 
classifier optimized by WOA for identifying and classifying 
different bearing faults . 

II. PROPOSED FAULT DIAGNOSIS APPROCH 

To enhance the accuracy of bearing fault detection, this 
paper introduces a novel intelligent fault diagnosis approach. 
The specific steps of this approach are outlined below: 

1) Decomposing rolling bearing vibration signals into several 

Intrinsic Mode Functions (IMFs) using the Ensemble 

Empirical Mode Decomposition (EEMD) method. 

2)  Using the Pearson correlation coefficient (Pcc) to select 

the IMFs that contain the main failure information. 

3) Calculate the sample quantile weighted permutation 

entropy (SQWPE) for each selected IMF to construct the 

feature vector.  

4) Applying steps 1 to 3 to all vibration signals to generate a 

matrix containing faults features. 

5) Normalize the fault feature matrix values to the range [0, 

1] using the mapminmax function in MATLAB. 

6) The normalized fault features are randomly divided into 

two groups: a training sample set and a testing sample set 

7) The training set is employed as input to the enhanced 

LSSVM classifier using the WOA algorithm, to train and 

obtain a classification model, while the test set is fed into 

the trained model to identify and classify the different types 

of bearing defects. 

III. EXPERIMENTAL IMPLEMENTATION 

In order to verify the effectiveness of the proposed 
method, empirical data from Case Western Reserve 
University (CWRU) was used. The experimental seat is 
mainly composed of three-phase induction motor, loading 
motor and torque sensor. A deep groove ball bearing has 
been used SKF6205 experiment. The bearing's shaft rotates 
at a speed of 1730 r/min, with a sampling frequency of 
12000 Hz. The considered bearing faults include ball fault 
(BF), inner race fault (IRF), outer race fault (ORF) and 
normal operation (NO). Table I presents different types of 
failure in rolling bearing, and more details can be found in 
reference [6]. 

 To construct the experimental data matrix, the bearing 
vibration signal is partitioned into four classes. Each class 
comprises 144 samples, with each sample containing 2048 
data points, resulting in a total of 576 samples. Two-thirds of 
the data matrix are selected as training data, while the 
remaining one-third will be used as testing data. 
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In this study, we employed the EEMD algorithm to 
decompose various vibration signals into Intrinsic Mode 
Functions (IMFs). Subsequently, we selected four 
components (IMFs) with higher correlation to the original 
signal using the Pearson correlation coefficient. Following 
this, we calculated the Sample Quantile Weighted 
Permutation Entropy (SQWPE) for each IMF to construct the 
feature vectors. These feature vectors were then normalized 
to the range [0, 1]. Finally, we fed the normalized feature 
vectors into an improved LSSVM classifier using the WOA 
algorithm to classify different bearing faults. The 
identification rates of our proposed method and other 
methods are presented in Table II. Additionally, the detailed 
classification results for the EEMD-WPE-LSSVM method 
and our proposed method (EEMD-SQWPE-WOA_LSSVM) 
are depicted in Figures 1 and 2, respectively.  

From table II, we notice that the identification rate of the 
proposed method (EEMD-SQWPE-WOA_LSSVM) reaches 
100%, while in the other methods it is equal to 96.35 % 
when using the EEMD-WPE-WOA_LSSVM method and 
95.31% in the case of the EEMD-WPE-LSSVM method. 
This indicate the superiority and effectiveness of the 
proposed method compared with other methods in diagnosis 
of bearing fault. 

TABLE I.  DIFFERENT TYPES OF FAILURE IN ROLLING BEARING 

 

 

Figure 1. Classification results of EEMD-WPE-LSSVM 
method  

 

Figure 2. Classification results of proposed method (EEMD-SQWPE-

WOA_LSSVM). 

TABLE II.  COMPARISON OF IDENTIFING RATE OF DIFFERENT 

METHODS 

Methods Identifying rate (%) 

EEMD-WPE-LSSVM 

EEMD-WPE-WOA_LSSVM 

EEMD-SQWPE-LSSVM 

EEMD-SQWPE-WOA_LSSVM 

95.31 % 

96.35 % 

97.91 % 

100 % 

 

IV. CONCLUSIONS 

      To achieve accurate and efficient identification of various 

fault states in bearings, this paper introduces a novel 

approach for bearing fault diagnosis based on the EEMD, 

SQWPE and WOA-LSSVM algorithm. The key conclusions 

drawn from this study are outlined below: 

1- The results obtained demonstrated the ability of SQWPE 

to extract features compared to WPE. 

2-The efficacy and viability of the method proposed in this 

research were substantiated through the utilization of 

experimental data and comparison with other methods. 
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Abstract— Le travail actuel concerne le contrôle de la 

température pour le Laminage à chaud par le chauffage par 

induction. Le Matériau Disques plats en acier au bore, diamètre 

extérieur 460 à 710 mm, épaisseur 3.2 à 10 mm Température 725 

° C   Fréquence 75 kHz . Plus précisément, il s'agit des couches 

d’acier utilisées dans les systèmes de chauffage par induction. Le 

problème étudié est lié à la régulation de la température de 

Matériau Disques plats en acier, puis à l'utilisation du modèle 

pour le laminage. Sur cette base, un modèle d'aimantation basé 

sur des algorithmes numériques et prenant en compte les 

variations de température sont proposées. Des variations de 

température de comptage sont proposés. 

 

Keywords— plats en acier, température, chauffage par 

induction, algorithmes numériques 

I. INTRODUCTION  

       Le système de chauffage par induction dans les 

procédés de laminage est désormais une constante partagée 

par les producteurs de laminés à chaud les plus qualifiés. 

L’avantage principal lié à l’utilisation du four à induction, 

dans les différentes parties du train de laminage suivant les 

différentes exigences, est le contrôle de la température pour 

différents matériaux et pour différentes dimensions. 

Toutefois Induction est présente sur le marché également 

avec des applications de chauffage de barres pour le 

laminage continu, permettant la flexibilité dans le 

changement de production également avec de petits lots de 

matière, la réduction de la décarburation superficielle même 

avec un chauffage en atmosphère éventuel. Depuis toujours, 

l’homme tente d’améliorer sa vie au quotidien ; le chauffage 

par induction qui est couramment employé dans les 

différentes activités humaines ; sa fonction est de chauffer 

des matériaux sans contact avec la source d’énergie, La 

facilités de réglage et de mise en marche automatique, 

l’absence de combustion et de dégagement de gaz toxiques, 

la propreté des appareils, sont autant d’avantages du 

chauffage par induction.  
Le chauffage par induction a acquis une très grande 

importance dans l’industrie, notamment, dans la métallurgie, 
dans ce cas on s’intéresse à chauffer des barres en métaux 
pour le laminage et utilisation spécifique. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig1. Système de chauffage par induction  

I. MISE EN EQUATIONS MATHEMATIQUES 

L’étudié ainsi de la modélisation physique d’un tel 

système présenté dans la Fig.1 ; fait intervenir à la fois les 

équations de la magnétodynamique et la diffusion de la 

chaleur, il s’agit en effet de déterminer la répartition spatio-

temporelle du champ magnétique créé par l’inducteur dans 

l’espace environnant, puis d’effectuer un calcul de 

température en utilisant cette puissance dissipée comme 

source thermique.[5].  

Les équations de la magnétodynamique sont issues des 

équations de Maxwell et l’équation de diffusion de la 

chaleur est régie par la loi de Fourier, de la façon suivante 

[8] [9].    

II. Model magnétodynamique 

Le problème électromagnétique se modélise à l’aide des 

quatre équations de Maxwell. Pour une configuration 

axisymétrique dans le cas où la charge est immobile par 

rapport à l’inducteur [6]. Celle-ci est décrite comme 

suivant : 

 

rot⃗⃗ ⃗⃗  ⃗ (υ rot⃗⃗ ⃗⃗  ⃗  𝐴 ) + 𝜎 
𝜕𝐴 

𝜕𝑡
= 𝐽 𝑒𝑥              (1) 

III. Model thermique  

     La température est l'image de la distribution des courants 

induits laquelle dépend des paramètres suivants ;  

La structure géométrique et les Propriétés 

électromagnétiques, L’évolution de la température est 

Disqu
e  

Air 

Inducteurs d’excitation 

Axe centrale 
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essentiellement gouvernée par la puissance dissipée par les 

courants induits. L’équation de la chaleur s’écrit donc ici :  

 

𝑘 ∇2 𝑇 + �̅� = 0                      (2) 

  

      La valeur de la température atteinte dépende [6], des 

propriétés électromagnétiques et de la structure 

géométrique ; Où le terme source provient des puissances 

dissipées par effet Joule et les conditions aux limites de 

DIRICHLET et NEUMANN [6][7]. 

 

IV. Model Numérique  

     L’ensemble des modèles mathématiques des deux 

phénomènes magnétique et thermique est décrit par des 

équations aux dérivées partielles. La résolution d’un tel 

problème fait appel aux méthodes numériques, parmi ces 

méthodes nous avons adopté la méthode des volumes finis. 

Les deux équations (1) et (2) seront intégré sur chaque  

volume fini, correspondant au nœud principal P, et délimité 

par les frontières (e, w, s, n ) [5]. Après intégration, nous 

obtenons sous la forme matricielle le système d’équation qui  

s’écrit sous la forme : 

    F*ALiM =+   (3) 

Où : M+iL[ ]  est la Matrice coefficients, A
*{ }  est le  Vecteur 

inconnu et F{ } est le vecteur source.   

       La discrétisation par volumes finis est appliquée aux 

deux systèmes et produit des matrices de système linéaire. 

On notera que le système de conduction de chaleur a la 

condition limite de convection mixte [4]: 

 

 

 

II.1 Partie I 

Dans le but de mener ce système ayant un disque  une 

seule couche  pour la chauffer diamètre extérieur 460 à 710 

mm, épaisseur 3.2 à 10 mm Température 725 ° C   Fig. 2 et 

2., nous avons modélisé leurs comportements magnétique et 

thermique. Le système de chauffage adopté est composé 

d’une bobine à six inducteurs à excitation. La plaque étant 

en acier inoxydable, L'un des défis de chauffage par 

induction est de choisir la forme et la position de la bobine  

de ça pour les valeurs de l’entre fer e1=0.0020 m et les 

propriétés du courant électrique pour chaque pièce 

spécifique et ainsi atteindre un profil de température 

souhaité dans cette pièce, les inducteurs sont connecter en 

série par une densité de courants source Js = 2,5.10 3 A/m 

ayant une variation de température a une gamme  de 

fréquence   f  = 50 KHz 

 

Fig2. Système de laminage a chaud 

 

 

 

 
 

Fig 3. Évaluation spatiale de la température 
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Abstract—This paper presents a real-time control scheme for
quadrotors based on a cascaded model predictive control(MPC)
architecture that uses linear parameter varying (LPV) and
feedforward linearization techniques in the inner and outer layer,
respectively. In the outer layer, the non-linear dynamics of the
transitional control are linearized using feedforward lineariza-
tion, followed by the implementation of a linear MPC controller.
In the inner layer, the attitude control utilizes the LPV approach
to formulate the Nonlinear model as a linear like with varying
parameters. The effectiveness of the proposed control scheme is
demonstrated in terms of tracking performance, computational
time, and handling of varying parameters Through simulation
using a high-fidelity simulator of a real UAV. Furthermore, a
comparison with other similar approaches in the literature is
included to showcase the advantages of the proposed scheme.

Index Terms—MPC control, LPV modeling, Quadrotor con-
trol.

I. INTRODUCTION

Quadrotor is one of the most popular UAVs. Their small size
and lightweight make it capable of maneuvering in tight spaces
that larger UAV cannot access. A quadrotor is an aircraft
powered by four rotors that allow movement in 3D space and
rotate in three directions. This actuator configuration makes
the quadrotor an under-actuated nonlinear system with six
degrees of freedom and four control inputs. The overall lifting
force and the three possible torques are induced by the motor
speed variations. Which creates challenges for maintaining
stability under different operating conditions. Accordingly, it
is necessary to design controllers based on an efficient optimal
methodology to ensure stability while taking into account the
complex dynamic behavior and physical actuator limitations.

A considerable amount of research has been carried out in
the UAV control, considering several control strategies ranging
from linear approaches like PID and LQR [3] to nonlinear ap-
proaches such as sliding mode control [2]. Recently, intelligent
control such fuzzy logic and neural network [7] learning have
also been considered. However, these methods are not capable
of explicitly considering the quadrotor constraints.

In this sense, model predictive control has emerged as the
most appropriate control technique for tackling this issue. In
fact, MPC is able to handle linear and non-linear MIMO
constrained dynamics. However, the model complexity may
lead to high computational time. Which prevents real time ap-
plication. Consequently, a trade-off between the performance

and model complexity should be achieved. In response to
these challenges presented by current controllers, we propose
a cascaded approach in order to split the control problem into
transitional and attitude systems. then, two MPC controllers
implemented based on feedforward linearization and linear
parameter varying model (LPV) approaches for position and
attitude control, respectively. LPV describes nonlinear systems
as linear with varying parameters. Ensuring more robustness
to linear controllers while still being computationally efficient.
which is broadly used for quadrotor control. for instance, The
authors in [1] utilized a centralized MPC controller applied for
autonomous racing vehicles. where the dynamics are described
as an LPV model. Another work used a combination of feed-
back linearization and LPV in cooperation with LQR based
on linear matrix inequalities (LMIs) for Position-Heading
quadrotor control [6]. Additionally, Many works examined
LPV modeling for fault tolerant control [4], [5].

The remainder of the paper is organized as follows: Section
2 provides a description of the quadrotor model. In Section
3, we present an overview of the overall proposed control
scheme. In Section4, we present the results obtained from
our case study and compare them with alternative approaches
found in the literature. Finally, Section 5 concludes the paper
by summarizing our findings and outlining potential directions
for future research.

II. QUADROTOR CASE STUDY

The quadrotor dynamics model can be obtained using the
Newton-Euler approach as follows

ẍ = (cosϕ sin θ cosψ + sinϕ sinψ)
U1

m

ÿ = (cosϕ sin θ sinψ − sinϕ cosψ)
U1

m

z̈ = −g + cosϕ cos θ
U1

m

ϕ̈ = θ̇ψ̇
Iy − Iz
Ix

− JTP

Ix
θ̇Ω+

U2

Ix

θ̈ = ϕ̇ψ̇
Iz − Ix
Iy

+
JTP

Iy
ϕ̇Ω+

U3

Iy

ψ̈ = ϕ̇θ̇
Ix − Iy
Iz

+
U4

Iz

(1)



where [x, y, z] denotes the position of the quadrotor in E-
frame, and [ϕ, θ, ψ] describes the quadrotor orientations in E-
frame, with roll, pitch and yaw angles, respectively. On the
other hand, (p, q, r) represents the angular velocities in B-
frame. g,m are the gravitational acceleration and the quadrotor
mass, respectively. I = diag(Ix, Iy, Iz) denotes the moments
of inertia regarding x, y, z axes, respectively. JTP denotes
the rotor inertia, and Ω = −Ω1 + Ω2 − Ω3 + Ω4 presents
the algebraic sum of the four propeller speeds, assuming the
quadrotor is a six-degrees-of-freedom rigid body. U1 is the
thrust force along z axis while U2, U3, U4 are the torque
applied to x, y, z axis, respectively, obtained by varying the
rotor speeds. Those control inputs are proportional to the
square of the rotor speeds according to the following drive
map matrix

U1

U2

U3

U4

 =


cT cT cT cT
0 −lcT 0 lcT

−lcT 0 lcT 0
−cQ cQ −cQ cQ



Ω2

1

Ω2
2

Ω2
3

Ω2
4

 (2)

The parameter values employed in the quadrotor model for the
considered quadrotor case study (AScTec Hummingbird) are
presented in [6].

Reference

Position Controller
MPC

Feed Forward
Linearization

Attitude Controller
LPV-MPC

Drive Map

Quadrotor

Ωi

Ui

φref θ ref U1

Vx Vy Vz

xr yr zr

xp

x a

Fig. 1. Complete quadrotor multilayer control scheme.

III. CONTROL APPROACH

Based on the previous model equations, the system dynam-
ics is naturally separated into a hierarchy of two independent
nonlinear subsystems. The first sub-system derived from the
lower three equations in (1) defines the attitude system ruled
by the control inputs (U2, U3, U4). While the upper three
equations in Eq. (1) to describe the transitional system with

U1 serving as a control input. The coupling appears in the
translation system equations via the control orientations, while
Ω establishes the coupling in the attitude system. Benefiting
from the separation between transitional and attitude subsys-
tems, a multilayer control scheme is proposed to control the
quadrotor as shown in Figure 1. Firstly, the outer control loop
tracks desired position (xr, yr, zr) by generating the linearized
control inputs (Vx, Vy, Vz). Then, the feedforward linearization
Block transforms These inputs into the first control input U1

together with feasible desired angles (ϕr, θr). These angles
are fed along with the desired ψr to the inner control loop,
which generates the proper torques (U2, U3, U4) to guarantee
attitude control. Finally, the control signals are transformed
into rotor speeds Ωi using an inverse calculation of Eq. (2).
Eq. (3) present Attitude LPV model while Eq. (4) describe the
linearized position model.

Aa(Γ) =



0 1 0 0 0 0

0 0 0 −γ3·J
Ix

0 γ2 · Iy−Iz
Ix

0 0 0 1 0 0

0 γ3·J
Iy

0 0 0 γ1 · Iz−Ix
Iy

0 0 0 0 0 1

0 γ2

2
Ix−Iy

Iz
0 γ1

2
Ix−Iy

Iz
0 0



Ba =



1
Ix

0 0

1 0 0
0 0 0
0 1

Iy
0

0 0 0
0 0 1

Iz

 Ca =

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0


(3)

Ap =


0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0

 Bp =


0 0 0
1 0 0
0 0 0
0 1 0
0 0 0
0 0 1



Cp =

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0


(4)

IV. RESULTS

In order to assess the efficiency of the proposed approach,
closed-loop simulations have been carried out including the
motor dynamics using MATLAB/SIMULINK environment.
Runge-Kutta integration (ode45) was used with a discretization
time of 0.01s (100 Hz).

Comparison is evaluated based on both computation time
and mean square tracking error (MSE) with two other
schemes: Scheme 2, where the same combination of feedfor-
ward linearization and LPV are used together with LMI LQR.



Scheme 3 based on a cascaded nonlinear MPC without ac-
counting for the gyroscopic effect due to the extra complexity.

Fig. 2. Quadrotor trajectory

TABLE I
TRACKING PERFORMANCE COMPARISON

scheme POS MSE (cm2) ATT MSE (deg2)
Proposed scheme 78.47 2.1
LQR-based scheme 553.19 2.8
Cascaded NMPC 91.30 5.66

TABLE II
COMPUTATIONAL TIME PER ITERATION

scheme position (ms) attitude (ms)
Proposed scheme 1.5 1.6
LQR-based scheme 1.7 · 10−4 3.9 · 10−4

Cascaded NMPC 17.01 6.96

Figure 2 shows the trajectory tracking for the different
schemes, while Table I illustrates position-heading reference
tracking results. The results clearly demonstrate that the
quadrotor controlled by the second scheme, which uses LQR-
based LMIs in both loops, is significantly inferior in compar-
ison to the other two schemes. On the other hand, Scheme 1
and Scheme 3 are able to closely follow the desired reference
trajectory. In general, The proposed scheme over performed
both other schemes.

Table II presents the computational time required for each
control loop. The results indicate that both the feedforward
linearization MPC and LPV-MPC required significantly less
computational time over NMPC. In general, the LQR scheme
was the most efficient in terms of computational time, although
it presents worst performance and does not respect the physical
constraints regarding control inputs and states.

V. CONCLUSION

This paper has proposed a cascaded MPC for quadrotor
control based on linear parameter-varying modeling approach
and feedforward linearization. The considered control-oriented
model has been used into two cascaded model predictive
controllers, achieving accurate position and attitude tracking
while maintaining low computational cost. The results demon-
strate the effectiveness of the proposed control scheme in
comparison to LQR-based scheme and cascaded NMPC in
terms of tracking error and computational time. These findings
suggest that the proposed control scheme is a promising
scheme for quadrotor control. Future research will focus on
incorporating the state estimator and considering disturbances.
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